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Abstract
Since the classical Black-Scholes model was introduced in early 1970s, it has been
used as a primary model for option pricing in nancial markets. The aim of this
research is to further study and extend the Black-Scholes models to take into
account more factors and features of the nancial market in the model. The
research consists of three major parts, including various alternative derivation
of the Black-Scholes models under dierent application perspectives, developing
a European option pricing model taking into account earning yield of stochas-
tic nature, and investigating the performance and application of the new model
through numerical simulation and comparison with the existing models and real
option price data.
Many approaches have been proposed to derive the Black-Scholes model. Through
examining the basic assumptions made and the existing approaches used, three
derivations of the Black-Scholes type models are developed under dierent ap-
plication perspective. The rst derivation is based on application with dierent
asset types including long-term assets and current assets. The second derivation
concerns a portfolio with n stochastic assets and one deterministic asset, while
the third derivation deals with assets with a constant dividend led.
The second part of the work is to develop a European option pricing model taking
into account dividend yield and earning yield of stochastic nature. The dividend
yield is assumed to follow the generalized Ornstein-Uhlenbeck (GOU) process
with a stochastic mean-reverting earning yield. The existence of three stochas-
tic components of the dynamic GOU process allows the dividend to randomly
deviate from the earning yield ow. Stock prices, dividend yield and earning
yield are modeled under a stochastic mean-reverting market price of risk (MPR)
environment. Explicit formulas are then derived for the European call and put
iv
option prices.
The third part of the research is to validate the new option price model. Firstly,
explicit formula for various Greek parameters are derived to study the sensitivity
of the option price model, such as the rate of change of the option price to the
change in the asset or stock price or to the change in the implied volatility.
Then numerical experiments are carried out to analyze the performance of the
model by checking the sensitivity of option price to each of the model parameters.
Finally , through numerical simulation, the overall performance of our new model
is compared with that of various major existing option pricing models and real
option price data, and our results show that our new model out-performs others.
v
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Chapter 1
Introduction
1.1 Motivation and Objectives
In the world economics, assets are resources which can be categorized into two
main categories, tangible and intangible assets. In brief, tangible assets could
be described as assets which can be physically measured or touched. On the
other hand, nancial assets are the enormous example of intangible assets which
are playing a more important role in the nancial market than tangible assets
because of more liquidity property.
A nancial asset is a contractual claim on an economic unit which can derive
the value. Stocks are playing the most signicant role in the investment market.
They are issued by a company and can be sold by one individual to the others.
Investors are assured by a company to purchase multiple shares, divided from the
stock of a company, so that a company can gain equity capital [1].
In recent years, derivative products such as futures and options have increasingly
become signicant tools for investors throughout modern world market. Stock
option trading began with the 1973 establishment of the organized exchange,
Chicago Board Options Exchange (CBOE) besides stock futures. Options are now
traded in a huge volumes on many exchanges throughout the world especially in
high impact investment countries [2]. In this thesis, mainly stock option is focused
since stock option is one of the most innovative and exible derivative.
In 1973, Fischer Black and Myron Scholes contributed signicantly to the de-
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velopment of option exchange. They published the famous article, "The Pricing
of Options and Corporate Liabilities", in the Journal of Political Economy. The
classic Black-Scholes formula is an equation for calculating option prices based on
the nancial parameters of stock price S(t), strike priceK(t), volatility , interest
rates r , time t and maturity T [3]. The Black-Scholes model was applied, on
an assumption of non-dividend paying of the stock, to valuate European option
pricing. However in reality, most companies pay a return to investors in the form
of dividend. Consequently, at the same year, Robert C. Merton proposed the
extended Black-Scholes model to incorporate a known annual dividend yield in
order to conquer the assumption of non-dividend paying and, as a result, the well
known Black-Scholes-Merton model was developed to include the dividend yield
parameter (t) [4{9].
Hence, motivation of this research was rst inuenced by the concept of new
parameter addition of the extended option pricing model of Merton [5]. Under
the option pricing theory, many factors of option pricing have been included in
recent option pricing models. The new specic process or function or even the
combination of processes or functions for the parameters under the underlying
asset return were also proposed during the last few decades after the classic Black-
Scholes model formation in 1973. Options pricing were evaluated by many other
approaches such as general equilibrium or the no arbitrage arguments approach,
including econometric method to construct econometric models [10{37].
An idea has been enlightened by everyday-newspapers within the stock and in-
vestment section. Dividend is the parameter which has been discussed in many
articles under the topic of Options Pricing [9, 38{43]. Next to the dividend col-
umn, there is always a P/E ratio column which gathers one of the most important
information for the investors since the P/E ratio of a stock is one of the most
important key tools for the investor to make a decision to buy or sell a stock.
Consequently, the P/E ratio should be a parameter in the option pricing model
in order to make the model of option pricing more precise. Some works under the
P/E ratio consideration have been published, for example, Gurdip Bakshi and
Zhiwu Chen proposed the idea in the article titled "Stock valuation in dynamic
economies" to model a stock valuation by considering earnings of the rm instead
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of dividends [44], while Ming Don and David Hirshleife proposed another method
to generalize the idea of Gurdip Bakshi and Zhiwu Chen [45]. By obtaining the
prospective of the work of Gurdip Bakshi and Zhiwu Chen including the other
articles [46, 47], the P/E ratio is a signicant factor in order to develop a model
to price stocks or options.
In order to construct the model under the P/E ratio parameter, we need suitable
assumptions based on the reality of nance. Stochastic process is one of the recent
mathematical behavior which suitably describes the behavior of stock or option
price. In the evolution of stochastic process, the Ornstein-Uhlenbeck process
has regulated the mathematical model to valuate the option price [38, 39, 48].
Together with an idea to generalize the process of Ornstein-Uhlenbeck, we sum
up all the ideas to come up with this thesis under the name of "Option Pricing
with GOU Process under a Stochastic Earning Yield".
1.2 Contributions
We propose this thesis by generalizing the Ornstein-Uhlenbeck process and give
the title of the new process as GOU process. By the method of Abraham Lioui
to improve the non-deterministic model into deterministic formula [38], we derive
the models for option pricing under the GOU process based on earning yield. We
also propose the alternative approaches for derivation of the Black-Scholes-Merton
Models, and by this concept we bring an idea to prove for Greek parameters as
an proposition. For option pricing we test our model and the results show that
the model has the same trend of pricing as the other classic models proposed
by Black, Scholes and Merton [3], including the other extended option pricing
models [4, 5, 7{9,12,38].
The real data of nancial world has also been applied to the model in order to
do empirical testing. We compare our model to the previous proposed models in-
cluding the classic Black-Scholes model with the volatility parameter determined
by the least-squared error method. By choosing proper parameters, the empirical
results show that our model has signicantly less error than the other previous
models.
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The fact that the P/E ratio or the reciprocal of the earning yield aects the price
of the option is taken into account in this study. Moreover, the earning yield
parameter is shown to be another key parameter which has an immense impact
on the option pricing model.
1.3 Outline of the Thesis
In the next chapter of this thesis, Chapter 2, we will briey discuss the details of
option pricing models. The background knowledge of this eld will be explained
abruptly including previous research works for option pricing. The purpose of
this chapter is to show why we need to continue this research as we propose in
this thesis. In Chapter 3, we will study the approaches to prove the classic Black-
Scholes-Merton model. We propose alternative derivation of the model. This
chapter will bring the idea to derive the proposition in Chapter 5, Greek Param-
eters . In Chapter 4, we will clearly explain how to derive the option pricing
model by using the concept of new stochastic process, the GOU process. Under
the stochastic earning yield assumption, the option pricing model is derived. The
proposition of the new model has been tested. The propose of this chapter is
to propose the existence of new stochastic process and the new model of option
pricing. In Chapter 5, Greek Parameters have been studied and proposed as
propositions by analytical derivation. After we propose the new model, in Chap-
ter 6 we investigate the performances and characteristics of our extended option
pricing models as well as observe the sensitivity of parameters. In Chapter 7, we
demonstrate that the new option pricing model is applicable to the real world.
The real world nancial data has been used to test the model. The empirical
results have been discussed. The propose of the chapter is to compare our model
to the other previous models and show that our model is more applicable and
better than the existing pricing models. Lastly, the nal chapter, Chapter 8, is
the chapter to conclude all of our results in this thesis and discuss the way to
further our work in the future.
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Chapter 2
Literature Review of Option
Pricing Models
2.1 General
In this chapter, we briey review the background knowledge highly relevant to the
research on option pricing models. We particularly review previous research works
and literatures of option pricing models and analysis of their basic characteristics
and behaviors. The chapter will also highlight and explain the reasons of doing
this thesis: why we need to study another parameter in this research.
In 1973, Black and Scholes introduced some new nancial concepts for derivative
pricing models and the established Black-Scholes Model has since then become
the standard basic model for pricing options in the nancial market. The Black-
Scholes model has been used widely in practice for an enormous variety of nancial
derivatives such as options and bonds. Researchers in nancial mathematics eld
have also given more attention in the option pricing theory [10{37]. In this
research, we will specically focus on the option pricing model.
2.2 Option
In nancial markets, derivative products are traded as the modern security for
the wise investors. A nancial derivative is named because of the reason that
it is "derived" from the underlying asset price such as a stock, a stock index, a
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commodity, a foreign currency and etc. One of the most important derivatives
which plays a very signicant role for the investors is option, as it is a tool to
decrease the risk of a portfolio in such an investment.
Options can oer investors the exibility in any investment circumstance which
the investors might encounter. Options provide the trader options. With options,
investors have the freedom of trading for their position and situation. By holding
the option contracts, the investors will have various benets; for example, stock
holdings will be protected from a decline in stock market, the value of portfolio
may increase with the option holdings, the investors have the right to buy stock at
a lower price, the traders can position themselves for a risky uctuated situation
in such an uncertain movement of the stock market, the incomes from trading
may increase without the cost of purchasing the stocks, and etc. [49]
Individual investors who wish to buy or sell options can place an order through
their brokerage rms. The options will be traded on which point based on both
the policy of the brokerage rm and the type of the option contract of exchange(s)
to be traded. Nowadays, options are traded on: The Chicago Board Options
Exchange, Inc. (CBOE), the American Stock Exchange, Inc. (AMEX), The
Pacic Stock Exchange, Inc. (PSE), the New York Stock Exchange, Inc. (NYSE),
the Philadelphia Stock Exchange, Inc. (PHLX), and including the foreign markets
such as the Australian Security Exchange (ASX). [49,50]
2.2.1 Option Denition
Particularly, option is a contract to buy or sell an underlying asset or any asset
combination. Since the famous Black-Scholes-Merton model for pricing plain
vanilla option was introduced in more than three decades ago, the theory of option
pricing has been developed by many researchers and then led to the innovation of
the new types of options and, subsequently, the modern theories of option pricing.
There are two basic options types, call option and put option. By denition, a
call option is a contract which provides holder the right, but not the obligation,
to purchase the underlying asset such as a stock at a specied price on or before
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a given date. Conversely, a put option is a contract which gives the holder the
right, again not the obligation, to sell the underlying asset such as a stock at a
specied price on or before a given date.
If the option must be exercised on a given date, the option will be the so called
"European option"; whereas if the option can be exercised before a given date
which provides more exibility to the investors, this type of option is dened as
"American option" [1, 2, 51].
In this thesis we will specically pay an attention on the European option and
mostly with the call option as it plays more important role in mathematical
consideration.
2.2.2 Option Factors
There are several key elements which aect the option price. It has been well
known that there are six factors which mathematically have an inuence on the
stock option prices: the underlying stock price (S), the exercise price or strike
price (K), the time to maturity or the time to expiration (T ), the risk-free interest
rate (r), the volatility of the stock price () and the dividend yield () [2].
Stock Price (S) is the parameter to determine the payo for a call option with a
strike price K which can be represented mathematically as max

S(t)  K; 0	.
By this mathematical expression, the value of call option will be increasing when
the stock price is increasing while the value of call option will be decreasing when
the stock price is decreasing. If the stock price is higher than the strike price K
at maturity T , the pay o is S(t) K because the buyer has the right to buy a
stock at the expiration time at the strike price which causes the buyer to make a
prot S(t) K when he/she sells the stock immediately. Conversely, if the stock
price is less than the strike price K at maturity T , the pay o will become zero
since the buyer can not make any prot from this situation. Likewise, the payo
for a put option with a strike price K can be represented mathematically as max
K S(t); 0	. By the similar explanation, the put option is more valuable as the
stock price decreases and it will be less valuable when the stock price increases.
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When the strike price K is higher than the stock price at maturity T , the pay o
is K   S(t), otherwise the value of payo will be zero.
Strike Price (K) is the specied price which is written in the contract and can
be traded when the option is exercised. From the denition of payo of the call
option, max

S(t)   K; 0	, when the strike price is increasing, the call option
value is decreasing; conversely, the put option price is increasing and vice versa.
Maturity (T ) is the time to expiration of the option. The longer time to expi-
ration, the more opportunities to exercise the option. Therefore, generally, the
price of the option increases as the maturity increases. However, this is just the
theoretical fact. In reality the value of the option can be uctuated as a result of
the movement of the market including the demand of investment.
The volatility () is a measure for uncertainty of the parameter. Generally in
nance, volatility mostly refers to volatility of the stock price movements (S).
Large number of volatility can aect the wide variation of the stock price. This
implies that a larger value of volatility may cause larger variation of option price.
The risk-free interest rate (r) is the theoretical rate of return of an investment
when there is no risk of nancial market. In the other words, the risk-free interest
rate can refer to risk-free rate of return as the rate that an investor would expect
from the investment in an completely risk-free market over a given time period.
Since the risk-free interest rate can be acquired when there is no risk, this implies
that the investment with any additional risk should be returned by an interest
rate which is higher than the risk-free rate. Typically, when the interest rate
increases, this will cause the price of call option to increase while the put option
to decrease. In contrary, if the interest rate decreases, the call option value will
decrease and put option value will increase.
Dividend yield () is the rm's total annual dividend payments which is divided
by its market capitalization. In other words, it is represented as the percentage
and known as the dividend per share, divided by the price per share. Generally,
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the dividend payout aects the decrease of call value and the increase of put
value.
In summary, the above are the six main factors for the consideration of option
pricing formula by the researcher [52]. In this thesis we will pay our interest to
the parameter addition to the option pricing model and explain the possibility of
a better option pricing model.
2.2.3 Put-Call Parity
In nancial mathematics, put-call parity represents a relationship between the
price of a European call option and European put option in a nancial market
assuming no transaction costs by setting the other parameters in an option pricing
model as the same value. It is well known for the Black-Scholes model for the
put-call parity property. In this thesis, we will use the property of the put-call
parity in order to nd the value of European put option once the European call
option is derived [52].
2.2.4 Stock Indices Options
As its name says, the stock index option is a nancial derivative or a type of
options which provide the investor the right, but not obligation, to purchase or
sell a basket of stocks, such as the well known S&P 500 [53].
Stock indices options are traded in both the over-the-counter and exchange mar-
kets. Because of the large amount of the stocks to be considered for one index, a
stock index can perform as a track of the movement of the large amount of the
stocks in which the index refers to as a whole. Some indices are based on the
movement of the particular sector of stocks such as technology, transportation,
utilities and etc.
For example, one of the most famous stock index is S&P 500 or the Standard and
Poor 500 which is the index to measure the whole stock prices of 500 large-cap
stocks based in the United States. The options for S&P 500 are European and
trading on the Chicago Board Options Exchange (CBOE).
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Index options are settled in cash. This implies that the holder of a call option
receive max

S(t) K; 0	 in cash and the option writer pays this amount in cash
as well. Same concept applies to the put option, the holder of a put option receive
max

K S(t); 0	 in cash. The cash payment is based upon the value of the index
at the end of the day. Each contract, the value of the index is multiplied by the
multiplier of each contract, for example the multiplier of S&P 500 is $100. [2,49]
2.2.5 Moneyness
In nance, moneyness for a European option is a measure and is dened as the
ratio between the stock price S, and the strike price K. Mathematically, it can
be written as S=K. If S is greater than K, the option is said to be in-the-money
(ITM); if the S is less than K, then the option is said to be out-of-the-money
(OTM); and if S is equal to K, the option is at-the-money (ATM).
2.2.6 Greek Parameters
In mathematical nance, the Greek parameters, also known as risk sensitivities
or hedge parameters, are the numerical quantities showing the sensitivities of
the derivative prices such as the option prices to a change in the underlying
parameters on which the value of the derivative is dependent. The changes or
the sensitivities to parameters are denoted by Greek letters.
The Greek parameters are the signicant tools to manage risk for the investors.
Each parameter of Greek can observe the sensitivity of the portfolio value to
the change of an underlying parameter. In the Black-Scholes model, the Greeks
parameter are obtained easily by simple mathematical approach and these pa-
rameters are useful for the derivatives traders.
Mathematically, these can be derived by the derivatives. First order derivatives
are the most common Greek parameters for example, Delta , Vega, Theta and
Rho. Gamma is an example of a second-order derivative of the value function [54].
There are many Greek parameters in option pricing theory as shown in table 2.1.
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Table 2.1: List of Greek Parameters
Greek Parameter Denition
Delta The rate of change of the value of an option
with respect to change in the stock price
Theta The rate of change of the value of the option
with respect to time
Rho The rate of change of the value of the option
with respect to rate of interest
Vega The rate of change of the value of the option
with respect to rate of volatility
Gamma The rate of change of the value of the delta
with respect to change in the stock price
Vanna The rate of change of the value of the option
once with respect to change in the stock price
and once with respect to volatility
Vomma The rate of change of the value of the vega
with respect to rate of volatility
Charm The rate of change of the value of the delta
with respect to time
DvegaDtime The rate of change of the value of the vega
with respect to time
Vera The rate of change of the value of the rho
with respect to volatility
In this thesis we will study the characteristics of some of the important Greek
parameters including Delta, Gamma and Vega for testing the sensitivity of stock
price to the option value, the sensitivity of stock price to the delta and the
sensitivity of volatility to the option price respectively as well as to verify the
behavior of our proposed option pricing model for stochastic property.
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2.3 Wiener Process
In mathematics, the Wiener Process is a continuous time stochastic process. It
is also well known as the standard Brownian motion. This stochastic process has
been applied in the application of mathematics for decades. More importantly,
it has played an important role in stochastic calculus which is the new key of the
modern research world. Some applications of Wiener process are the Gaussian
white noise process with the application of the noise model in electronics engi-
neering and also for mathematical nance with an application to nancial model
as it represents the movement of the market.
The Wiener process, W (t) has three properties [55]:
(1) W (0) = 0
(2) W (t) is almost surely continuous.
(3) W (t) has independent increments with W (t) W (s) follows the normal dis-
tribution N(0; t  s)
where 0  s < t and N(; 2) is normal distribution with an expected value 
and variance 2.
This Wiener process also has the vital properties as follows.
(1) dt2 = 0
(2) dW (t)dt = 0
(3) dW (t)2 = dt
One of the most signicant applications is a stochastic process dened as
X = t+ W (t) (2.1)
which is a Wiener process with drift  and variance 2. The simple explaination
of this process is the process which is composed of the certain movement with the
average drift of ; however, with the property of uncertainty in this stochastic
process, the termW (t) represents the stochastic term with the variance 2. From
equation (2.1), a generalized Wiener process can be explained by an extension
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of an ordinary dierential equation (ODE) to a stochastic dierential equation
(SDE) derived by adding a normally distributed random variable into the ODE
as follows [55,56].
dX = adt+ bdW (t) (2.2)
where a and b are constants and dW (t) is a normal random variable.
This Wiener process has brought out the basis of the nancial process and the
standard to prove the Black-Scholes model as it will be shown in Chapter 3.
2.4 Ito's Lemma
In recent years, Kiyoshi Ito has discovered a particular type of stochastic pro-
cesses and it was named as Ito's process where Ito's lemma is applied in. Ito's
lemma is particularly used in Ito stochastic calculus for solving the stochastic
processes. Nevertheless, the lemma is widely applied into the application of -
nancial mathematics. One of the most well known applications is to derive the
Black-Scholes equation for option pricing.
From equation (2.2), Ito has set the generalized version of the process and repre-
sented the Ito's process as
dX = a(X; t)dt+ b(X; t)dW (t) (2.3)
where a(X(t); t) and b(X(t); t) are functions of t and the random process X(t).
Ito's lemma describes specically the process with a function of a Wiener process
and assumes that there is a function F (X; t) with continuous rst derivative F 0
and continuous second derivative F 00.
From Taylor's theorem, we have
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dF (X; t) = Ftdt+ FXdX +
1
2
Ftt(dt)
2 +
1
2
FXX(dX)
2 + FtXdtdX
= Ftdt+ FX
 
a(X; t)dt+ b(X; t)dW (t)

+
1
2
Ftt(dt)
2
+
1
2
FXX
 
a(X; t)dt+ b(X; t)dW (t)
2
+ FtXdt
 
a(X; t)dt+ b(X; t)dW (t)

(2.4)
Since dW (t) has the properties
(1) dt2 = 0,
(2) dW (t)dt = 0,
(3) dW (t)2 = dt,
from equation (2.4), we have
dF (X; t) = Ftdt+ a(X; t)FXdt+ b(X; t)FXdW (t) +
1
2
b(X; t)2FXXdt
=
 
Ft + a(X; t)FX +
1
2
b(X; t)2FXX

dt+ b(X; t)FXdW (t): (2.5)
The equation (2.5) represents the Ito's lemma which is very useful for the appli-
cation in nancial derivative theory [57].
2.5 Ornstein-Uhlenbeck Process
One of the most applicable stochastic processes, Ornstein-Uhlenbeck process, is
a stochastic process which can be easily described as the movement of a massive
Brownian particle under the friction inuence. It is also well known as mean-
reverting process.
The Ornstein-Uhlenbeck process, X(t), is dened as a stochastic dierential equa-
tion:
dX(t) = ( X(t))dt+ dW (t) (2.6)
where the parameter ,  and  > 0 and W (t) is the Wiener process. The
parameter  can be performed as the friction coecient.
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One of the well known applications for Ornstein-Uhlenbeck process is a Hookean
spring. Also, in nancial mathematics, it is represented as a stochastic model for
interest rates, currency exchange rates, etc. The parameter  is the mean value,
 is the volatility and  is the rate for mean reverting. Another example is pairs
trade strategy [58].
There are many researchers who have been using the Ornstein-Uhlenbeck pro-
cess for nancial mathematics led of research, since the process can describe
the characteristic or the behavior of the subject. For example, the Ornstein-
Uhlenbeck process can describe the stochastic volatility by R. Schobel and J.
Zhu. [59] and by E.Nicolato and E.Venardos [60] or to apply for stochastic div-
idend yield by [9, 38, 39]. These are just a few examples since there are a huge
number of the applications from this useful process [61].
In this thesis we not only apply the Ornstein-Uhlenbeck process but also extend
the Ornstein-Uhlenbeck process for the usage of our proposed nancial model.
2.6 Option Pricing Models
An option pricing model is a mathematical model which requires some parameters
to be involved in order to provide the fair price of the option in the nancial
market. In 1973, Black and Scholes proposed the nobel article which was an
introduction of option pricing model. Then this topic has been researched and
extended by many researchers [3]. From the start of Black-Scholes environment,
the extensions of the option pricing models have been proposed to describe the
dynamics of the parameters in market such as underlying stock, volatility, interest
rate and dividend yield. There are three main approaches for modeling the option
price: 1) continuous-time nance approach and 2) econometric approach and 3)
numerical method [62].
The continuous-time nance approach has been proposed by the assumption of
a model or a process or a function to describe the parameters under the option
pricing model. For example, the model of Black-Scholes with the extension of a
function to describe the dividend yield [4, 5, 7{9]. Jump diusion is one of the
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improvement of the models that provides the interesting results of the option
prices [63{65]. Some parameters or the movement of the markets also can be
described by a specic process [66, 67]. The recent option pricing models are
assumed to be the combination of processes of the combination of parameters [68].
The econometric approach applies the econometric models to explain the move-
ment of the market or the complexity of the underlying asset with the econo-
metric properties. The most well known models to price the option in econo-
metric approach are the AutoRegressive Conditional Heteroskedasticity (ARCH)
model and Generalized AutoRegressive Conditional Heteroskedasticity (GARCH)
model. With the development of the econometric method some researchers pro-
posed the Regime Switching model [10{37].
The last category of option pricing approach is the numerical method. This
method generally is simpler than the previous approaches. For instance, the
widely known binomial option pricing model provides a generalizable numerical
method for option pricing [37]. Continuously, the researchers have also developed
the method for pricing the option [69,70].
In our research, the continuous-time nance approach is applied under the Black-
Scholes-Merton framework. We propose the new parameter to play a role in the
option pricing model with the extended stochastic process of Ornstein-Unlenbeck
process as the new perspective of modern development of the new era of nancial
world.
2.7 Concluding Remarks
This chapter reviews the background of the option pricing models. The review is
relevant to the two main parts that we will discuss later including the derivation
of the Black-Scholes model and the Ornstein-Uhlenbeck Process for option pricing
model. The basic concepts presented here will play a very signicant role for the
extension of the Black-Scholes option pricing model in our research.
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Chapter 3
Derivation of the Black-Scholes
type Option Pricing Models
3.1 General
Option is the derivative that we are to discussed in this research work. A deriva-
tive is a nancial security whose price is dependent upon or derived from the value
of the other underlying assets, such as stocks, bonds, currencies, stock indexes
and commodities. There are many kinds of derivatives such as options, futures,
forwards and swaps. A derivative may be called a security since the derivative
plays a very important role to control the risk of investment in the nancial mar-
ket, such as stock market. The rst problem for the study of derivative is how
to price or evaluate the derivative in the market. The Black-Scholes model has
been introduced in 1973 by Fischer Black and Myron Scholes [3] for this purpose.
This elegant formula has changed the derivative pricing view of nancial practi-
tioners and theoreticians [54]. Under the security named as European call option,
the partial dierential equation, the Black-Scholes equation, has performed the
aspect to price by taking into account the basic factors such as stock price, exer-
cise price, maturity and interest rate. From this fascinating proposition, Scholes
received the Nobel Prize in economics in 1997 (Black had passed away in 1995
before the prize was nominated.) [71].
Many researchers have discussed the derivations of the classic Black-Scholes equa-
tion [3{6, 71, 72]. By understanding the concept involved, it can bring out the
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extension of the model such as Robert C. Merton's work which includes the
dividend yield in the model. Many perspectives have been brought to the Black-
Scholes equation derivation, for example the concepts of replicating the derivative
with a stock and bond, replicating the bond with a stock and a derivative and
replicating the stock with a bond and a derivative. By including the alternative
derivations such as by using the CAPM, using the return form of arbitrage pricing
or using risk neutral pricing method, the Black-Scholes formula can be derived
by various dierent methods [71].
The Black-Scholes-Merton equation is the most well-known model for option pric-
ing. One of the most signicant part in the study of the Black-Scholes-Merton
equation is the derivation, as we need to understand the principle behind this
partial dierential equation that governs the price of options, including all other
nancial securities. The idea of how to derive this model can be seen by many
perspectives. Many researchers have investigated on various derivations [71].
In this chapter, we are concerned with alternative methods to derive the clas-
sic Black-Scholes-Merton equation. Firstly, we propose another perspective of
derivation through the concept of asset type, which can be categorized into two
types: current asset and long-term asset. Secondly, we propose another concept
of derivation by focusing on a number of assets, n assets. Finally, for the third
derivation we propose to include a constant dividend yield D0 into the model of n
assets. The proposed alternative derivations in this chapter will be applied to the
proof of the proposition of the new model of option pricing in this thesis. Thus
the derivation of this classic Black-Scholes-Merton equation is important and is
actually applied through the nancial mathematics perspective.
3.2 Derivation Background
By the denition of derivative, the very basic concept to derive the Black-Scholes
equation is to replicate portfolio that composes of bond and stock, and to establish
the equation by setting the returns of replicating portfolio equal to the payos of
the derivative. Mathematically, there are many approaches to derive the Black-
Scholes or the Black-Scholes-Merton equation. In this thesis we will refer to the
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replicating portfolio approach since we will use it to prove the Geek Parameters
proposition in Chapter 5.
The well-known approach to derive the Black-Scholes formula is to construct an
equation to represent a replicating portfolio. A portfolio can be replicated by a
risk-free bond and a stock and this portfolio can be treated as the payos of the
derivative. By this method, there are various explicit assumptions to make in
order to derive the basic Black-Scholes model for a particular stock as follows.
(1) There is no arbitrage opportunity which implies that the price of the spec-
ied asset will not be dierent among the markets: investor can not make
a prot by this.
(2) A known constant risk-free interest rate is assumed for all maturities.
(3) It is permitted to buy and sell, including short selling, at any amount.
(4) Frictionless market is assumed which implies that there are no transaction
costs or fees.
(5) A geometric Brownian motion is assumed for the stock movement with
constant drift and volatility.
(6) There are no dividend for underlying security.
(7) Trading in the market is assumed to be continuous.
By considering the fact of investment, the increase amount of investment during
the small time interval is equal to the return amount of that investment in that
time interval. This fact can be interpreted mathematically.
Let P be the investment amount and r be the xed rate of the investment return,
then the increase amount of investment during the small time interval is equal to
the return amount of that investment in that time interval, namely
dP = Prdt; (3.1)
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that is
dP
P
= rdt: (3.2)
If we let X = lnP , then the equation (3.2) becomes
dX = rdt (3.3)
which is the deterministic equation. However, in the nancial market, we need
to take account the stochastic nature into the equation, and thus a stochastic
parameter or term must be considered in the model. Equation (3.3) becomes
dX = rdt+ 
p
tdW (t): (3.4)
The stochastic term of 
p
tdW (t) can be recognized as a stochastic random
variable with zero mean and
p
t standard deviation. Equation (3.4) is known
as a Stochastic Dierential Equation (SDE).
If the term W (t) in the equation (3.4) is the Wiener process, this equation is the
stochastic dierential equation with the Wiener Process. In other words, it can
be described as the ordinary dierential equation which contains the stochastic
parameter. Equation (3.4) becomes
dX = adt+ bdW (t) (3.5)
where a and b are constants and dW(t) is the stochastic term with the Wiener
process W (t). To make the equation more general, the constant term can be
changed into the function term and the equation is changed into the general form
as follows.
dX = a(X; t)dt+ b(X; t)dW (t) (3.6)
where a(X; t) and b(X; t) are functions of X and t. This equation is called Ito's
Process.
By Ito's lemma, if we set the random variable F = F (X; t), from the equation
(3.6), we can derive
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dF (X; t) =
 
a(X; t)FX + Ft +
1
2
b(X; t)2FXX

dt+ b(X; t)FXdW (t) (3.7)
To derive equation (3.7), we assume F = F (X; t) is the continuous twice dier-
entiable function. By applying Taylor's theorem, one has
dF (X; t) = Ftdt+ FXdX +
1
2
Ftt(dt)
2 +
1
2
Fxx(dX)
2 + FtxdtdX
= Ftdt+ FX
 
a(X; t)dt+ b(X; t)dW (t)

+
1
2
Ftt(dt)
2
+
1
2
FXX
 
a(X; t)dt+ b(X; t)dW (t)
2
+ FtXdt
 
a(X; t)dt+ b(X; t)dW (t)

(3.8)
By the denition of Wiener process, dW (t) is a normal random variable with the
mean of zero and the variance of t, namely
V ar
 
dW (t)

= E
 
dW (t)
2  E dW (t)2
= E
 
dW (t)
2  0
= t
= dt (3.9)
Thus, we can approximate
 
dW (t)
2
by t. In (3.8), if we ignore the term of
(dt)2 and dtdW (t), by approximating
 
dW (t)
2
= dt, we have
dF (X; t) = Ftdt+ a(X; t)FXdt+ b(X; t)FXdW (t) +
1
2
b(X; t)2FXXdt
=
 
a(X; t)FX + Ft +
1
2
b(X; t)2FXX

dt+ b(X; t)FXdW (t); (3.10)
which is the same as (3.7) as we expect.
In the case that the portfolio is replicated by a risk-free bond B(t) and a stock
S(t) at time t and this portfolio can be treated as the payos of the derivative
C(t), the following mathematical denitions hold. The risk-free bond, B(t), can
be dened by equation (3.2) since it is risk-free, namely
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dB(t)
B(t)
= rdt: (3.11)
The stock, S(t), can be dened by equation (3.5) since the stock has a stochastic
movement,
dS(t)
S(t)
= dt+ dW (t): (3.12)
The last term that we need to consider is the derivative payo. The derivative
price, C(S; t), must depend on the other value, in our case, which is a stock, S(t).
From equation (3.7), one has
dC(S; t) =
 
C(S; t)t + S(t)C(S; t)S +
1
2
2S(t)2C(t)SS

dt
+ S(t)C(S; t)SdW (t): (3.13)
There are many approaches to derive the Black-Scholes model. By the method
of replicating the portfolio with self-nancing assumption, such as replicating the
derivative with a stock and a bond or replicating the bond with a stock and a
derivative or replicating the stock with a bond and a derivative, we can derive
the Black-Scholes equation [71].
3.3 Derivation from Asset Denition Perspec-
tive
From the previous section, a derivative is a nancial security whose price is de-
pendent upon or derived from the value of the other underlying assets, such as
stocks, bonds, currencies, stock indexes and commodities. By this denition of
derivative, it implies that the derivative depends on assets. If we assume that
cash and real estate are the factors for the change of the derivative, the derivation
of the Black-Scholes equation is the same as the previous method by replicating
a portfolio by a stock and a bond.
Asset = Cash + Real Estate (3.14)
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The same concept of the replicating method can be applied. Cash is the most
liquid asset and also is the most preferable physical form of currency as money.
In economics, currency, as its name says, has uctuation. It is crucial to make
a note that currency uctuation might be seen as both upward and downward
movements. And this movement can be dened as a stochastic movement. Con-
sequently, a stochastic term is mathematically assumed for cash denition. If we
denote cash by F and assume that F follows the geometric Brownian motion as
a part of Wiener process, then the stochastic process for F is
dF (t)
F (t)
= dt+ dW (t) (3.15)
which is the same process as the stock in (3.12) and  is the mean rate of return
of the cash.
The real estate, E(t), is assumed to be the risk-free asset. The certain amount
of return in the future can be expected. Mathematically, the real estate value,
E(t), can be described by following the equation (3.11), namely
dE(t)
E(t)
= rdt: (3.16)
If x is the unit number of cash or currency and y is the unit number of real estate.
The value of the asset, A(t), can be written as follows
A(t) = xF (t) + yE(t): (3.17)
By self-nancing assumption which implies that no money is added or withdrawn,
the value of the asset changes due to the value change of the cash and the real
estate, namely
dA(t) = xdF (t) + ydE(t): (3.18)
Substituting (3.15) and (3.16) into (3.18), we have
dA(t) = x
 
F (t)dt+ F (t)dW (t)

+ y
 
rE(t)dt

=
 
xF (t) + yrE(t)

dt+ xF (t)dW (t) (3.19)
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In order to mimic C(t), we assume A(t) = C(t) and dA(t) = dC(t). And by the
denition of derivative, a derivative value C(t) depends on F (t) and t. Then we
have
dC(F (t); t) =
 
xF (t) + yrE(t)

dt+ xF (t)dW (t) (3.20)
By Ito's lemma (3.7), we have
dC(F (t); t) =
 
F (t)CF (F (t); t) + Ct(F (t); t) +
1
2
2F (t)2CFF (F (t); t)

dt
+ F (t)CF (F (t); t)dW (t) (3.21)
Therefore, from (3.20) and (3.21), we have the following equations
xF (t)+yrE(t) = F (t)CF (F (t); t)+Ct(F (t); t)+
1
2
2F (t)2CFF (F (t); t) (3.22)
and
xF (t) = F (t)CF (F (t); t): (3.23)
From (3.23), we gain
x = CF (F (t); t): (3.24)
Substituting (3.24) into (3.17) yields
y =
1
E(t)
 
C(F (t); t)  F (t)CF (F (t); t)

: (3.25)
Substituting x and y from (3.24) and (3.25) into (3.22), we have
CF (F (t); t)F (t) +
1
E(t)
 
C(F (t); t)  F (t)CF (F (t); t)

rE(t)
= F (t)CF (F (t); t) + Ct(F (t); t) +
1
2
2F (t)2CFF (F (t); t); (3.26)
that is
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CF (F (t); t)F (t) + Cr   F (t)rCF (F (t); t)
= F (t)CF (F (t); t) + Ct(F (t); t) +
1
2
2F (t)2CFF (F (t); t) (3.27)
By simplication, nally we obtain
Ct(F (t); t) + rF (t)CF (F (t); t) +
1
2
2F (t)2CFF (F (t); t) = rC(F (t); t) (3.28)
The above partial dierential equation, (3.28), is known as Black-Scholes equa-
tion.
3.4 Derivation from n Stochastic Assets Per-
spective
In this section, we will generalize the idea of derivation of Black-Scholes equation
from the same concept that we derive the model from the denition of derivative
which states that a derivative is a nancial security whose price is dependent upon
or derived from the value of the other underlying assets, such as stocks, commodi-
ties, currencies, stock indexes and bonds. There are many kinds of underlying
assets, but we assume that there are two main types of assets in mathematical
aspect, asset with deterministic return, E(t), and non-deterministic(stochastic)
return, F (t). We also assume that bond is the only one underlying asset dened
in the category of the asset with deterministic return while the others follow
the Wiener process. By the denition of derivative above, the derivative can be
derived from various kinds of underlying assets. The derivation can be set as
follows.
C(F (t); t) =
 
x1F1(t) + x2F2(t) + :::+ xnFn(t)

+ yE(t) (3.29)
where x1,x2...xn and y are the number of each kind of assets. From (3.29), one
has
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dC(F (t); t) =
 
x1dF1(t) + x2dF2(t) + :::+ xndFn(t)

+ ydE(t) (3.30)
We mathematically assume that there are two types of assets. Bond is the deter-
ministic asset and the others are stochastic assets. Thus, we have
dE(t)
E(t)
= rdt; (3.31)
dFi(t)
Fi(t)
= idt+ idW (t): (3.32)
Substituting (3.31) and (3.32) into (3.30) gives
dC(F (t); t) =

x1
 
1F1(t)dt+ 1F1(t)dW1(t)

+ yrE(t)dt
+ x2
 
2F2(t)dt+ 2F2(t)dW2(t)

+ :::
+ xn
 
nFn(t)dt+ nFn(t)dWn(t)

(3.33)
Rearrange (3.33), we have
dC(F (t); t) =
 
x11F1(t) + x22F2(t) + :::+ xnnFn(t)

dt+ yrE(t)dt
+
 
x11F1(t)dW1(t) + x22F2(t)dW2(t) + :::+ xnnFn(t)dWn(t)

:
(3.34)
By Ito's lemma, the derivative can be derived as
dC(F (t); t) =
nX
i=1
" 
iFi(t)CFi(F (t); t)
#
dt+ Ct(F (t); t)dt
+
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)

dt
#
+
nX
i=1
"
iFi(t)CFi(F (t); t)dWi(t)
#
: (3.35)
From (3.34) and (3.35), by the same method as in previous section, we have
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 
x1F1(t)1 + x2F2(t)2 + :::+ xnFn(t)n

+ yE(t)r
=
nX
i=1
"
iFi(t)CFi(F (t); t)
#
+ Ct(F (t); t) +
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)
#
;
(3.36)
x11F1(t)dW1(t) + x22F2(t)dW2(t) + :::+ xnnFn(t)dWn(t)
=
nX
i=1
"
iFi(t)CFi(F (t); t)dWi(t)
#
: (3.37)
From (3.37), we obtain
xi = CFi(F (t); t): (3.38)
Substituting the above equation (3.38) into (3.29) yields
C(F (t); t) =
nX
i=1
"
Fi(t)CFi(F (t); t)
#
+ yE(t); (3.39)
that is
C(F (t); t) 
nX
i=1
"
Fi(t)CFi(F (t); t)
#
= yE(t): (3.40)
Substituting (3.38) and (3.40) into (3.36) yields
nX
i=1
"
CFi(F (t); t)iFi(t)
#
+ rC(F (t); t) 
nX
i=1
"
rFi(t)CFi(F (t); t)
#
=
nX
i=1
"
iFi(t)CFi(F (t); t))
#
+ Ct(F (t); t) +
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t))
#
:
(3.41)
By simplication, nally we obtains
Ct(F (t); t) +
nX
i=1
"
rFi(t)CFi(F (t); t)
#
+
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)
#
= rC(F (t); t): (3.42)
The result can be explained as an n-dimensional Black-Scholes equation.
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3.5 Derivation from n Stochastic Assets with
Fixed-income Perspective
In the Black-Scholes-Merton model [4, 5], Robert Merton extended the option
pricing model by considering the dividend parameter. The model assumes a con-
stant dividend payment. In this section we will derive the Black-Scholes-Merton
equation for the case with n stochastic assets with xed-income perspective. If
the asset i is paying the dividend, at time dt the underlying asset pays out a
dividend DiFi(t)dt, where Di is a xed income rate or a constant dividend yield
of asset i. We can derive the model of asset i as
dFi(t) = (i +Di)Fi(t)dt+ iFi(t)dWi(t) (3.43)
The same approach of derivation as for the previous sections can be applied. As
before, the asset value is
C(F (t); t) =
 
x1F1(t) + x2F2(t) + :::+ xnFn(t)

+ yE(t) (3.44)
where x1,x2...xn and y are the number of each of the assets. The increment of
the asset value is
dC(F (t); t) =
 
x1dF1(t) + x2dF2(t) + :::+ xndFn(t)

+ ydE(t) (3.45)
Again, by the assumption of two types of assets, deterministic and stochastic
assets, we let
dE(t) = rE(t)dt (3.46)
dFi(t) = (i +Di)Fi(t)dt+ iFi(t)dWi(t) (3.47)
Substituting (3.46) and (3.47) into (3.45) yields
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dC(F (t); t) =

x1
 
(1 +D1)F1(t)dt+ 1F1(t)dW1(t)

+ x2
 
(2 +D2)F2(t)dt+ 2F2(t)dW2(t)

+ :::
+ xn
 
(n +Dn)Fn(t)dt+ nFn(t)dWn(t)

+ yrE(t): (3.48)
Rearranging (3.46) gives
dC(F (t); t) =
 
x1(1 +D1)F1(t) + x2(2 +D2)F2(t) + :::+ xn(n +Dn)Fn(t)

dt
+ yrE(t)dt
+
 
x11F1(t)dW1(t) + x22F2(t)dW2(t) + :::+ xnnFn(t)dWn(t)

:
(3.49)
By Ito's lemma, the derivative can be calculated by
dC(F (t); t) =
nX
i=1
"
iFi(t)CFi(F (t); t)
#
dt+ Ct(F (t); t)dt
+
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)

dt
#
+
nX
i=1
"
iFi(t)CFi(F (t); t)dWi(t)
#
: (3.50)
From (3.49) and (3.50), we obtain
x1(1 +D1)F1(t) + x2(2 +D2)F2(t) + :::+ xn(n +Dn)Fn(t) + ryE(t)
=
nX
i=1
"
iFi(t)CFi(F (t); t)
#
+ Ct(F (t); t) +
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)
#
;
(3.51)
x11F1(t)dW1(t) + x22F2(t)dW2(t) + :::+ xnnFn(t)dWn(t)
=
nX
i=1
"
iFi(t)CFi(F (t); t)dWi(t)
#
: (3.52)
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From (3.52), we have
xi = CFi(F (t); t) (3.53)
Substitute (3.53) into (3.44), then (3.44) becomes
C(F (t); t) =
nX
i=1
"
Fi(t)CFi(F (t); t)
#
+ yE(t); (3.54)
that is
C(F (t); t) 
nX
i=1
"
Fi(t)CFi(F (t); t)
#
= yE(t): (3.55)
Substituting (3.55) and (3.53) into (3.51) gives
nX
i=1
"
CFi(F (t); t)(i +Di)Fi(t)
#
+ C(F (t); t)r  
nX
i=1
"
rFi(t)CFi(F (t); t)
#
=
nX
i=1
"
iFi(t)CFi(F (t); t)
#
+ Ct(F (t); t) +
nX
i=1
"
1
2
2i Fi(t)
2CFiFi(F (t); t)
#
(3.56)
By simplication, we nally obtain
Ct(F (t); t) +
nX
i=1
"
(r  D)Fi(t)CFi(F (t); t)
#
+
1
2
nX
i=1
"
2i Fi(t)
2CFiFi(F (t); t)
#
= rC(F (t); t) (3.57)
which is the n-dimensional Black-Scholes-Merton model for a European Call Op-
tion pricing with the constant dividend.
3.6 Concluding Remarks
In this chapter, we examine the Black-Scholes-Merton framework. In order to at-
tain the extension of the option pricing model, we need to examine the framework
behind the derivation of the classic Black-Scholes model. This chapter brings out
the alternative perspective to derive the Black-Scholes model. By considering the
denition of the derivative, we dene assets mathematically and we can derive
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the classic option pricing. By this method, the derivation is similar to the deriva-
tion of derivative by replicating the derivative with stock and bond. Also the
problem of n kinds of stochastic assets leads to derivation of the n-dimensional
Black-Scholes type equations which extend the classical model for more complex
applications. And the last section is to derive the model by considering the xed
return of the asset or constant dividend to derive the extended classic option for-
mula, the n-dimensional Black-Scholes-Merton type model. In this section, the
idea to prove the model especially the n assets problem is the important key which
will play the signicant role in Chapter 5 for the Greek parameter propositions.
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Chapter 4
Option Pricing Model with
Stochastic Earning Yield
4.1 General
In nance, an option is a derivative nancial instrument that traders consider
for their investment in order to gain the condence to make a prot in the stock
market. For decades, in the Black-Scholes-Merton structure, the option price
C(t) is determined by the well-known factors including stock price S(t), strike
price of an option K(t), dividend yield (t), volatility , interest rate r , time t
and maturity T [3{5]. To make the option pricing model more accurate under
dierent nance situation in the real world, stochastic parameters are taken into
the option valuation model. Dividend yield is one of the most important factors to
be determined as stochastic. Very few work has been done to explicitly consider
stochastic dividend yield [7{9,12,38{40,43]. In the evolution of Stochastic process,
an Ornstein-Uhlenbeck process has regulated the mathematical model to valuate
the option price [38,39,48].
Economically, not only dividend yield but also P/E ratio is the most general data
source which can be acquired from everyday newspaper. Consequently, in this
chapter, the Black-Scholes-Merton framework is extended by considering the P/E
ratio, a reciprocal of earning yield (t). To overcome the problem of how to take
account either P/E ratio or earning yield, in this chapter, the relationship of P/E
ratio with the option pricing model is determined. Earning yield is signicantly
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playing an important role to the model of dividend yield. A generalization of the
Ornstein-Uhlenbeck process is dened and named as GOU process. Stochastic
dierential equations are then set up to explain the situation of stock value by
incorporating with stochastic dividend yield. The GOU process is applied to
describe the relationship between stochastic earning yield and stochastic dividend
yield. Inspired by Abraham Lioui approach [38], we dene a Weiner Process with
n risk factors and derive the explicit formulas for the European call and put
options taking into account the stochastic earning yield.
The purpose of this chapter is to study and develop European option pricing mod-
els in which dividend yield is taken into account by earning yield, a reciprocal of
P/E ratio, for every t 2 [0; T ]. The Ornstein-Uhlenbeck process is generalized and
dened as GOU process. Based on the Black-Scholes-Merton model structure,
the rm's stock follows the geometric Brownian motion process. Dividend yield
is assumed to follow the GOU process under a stochastic mean-reverting earn-
ing yield. The existence of three stochastic components dWi(t) of the dynamic
GOU allows the rm's dividend to randomly deviate from the earning yield ow.
Stock price, dividend yield and earning yield are modeled under a stochastic
mean-reverting market price of risk (MPR). Explicit formulas are derived for the
European call and put option prices.
After we propose the new option pricing model by considering the earning yield
factor in this chapter, we will investigate the characteristics and properties of
the model and also we will apply the model to test the possibility of real-world
application by running the empirical test to the model in Chapter 6.
4.2 The GOU Process
In this work, we propose the new stochastic process, named GOU Process, as
the generalized process of the Ornstein-Unlenbeck process. Ornstein-Uhlenbeck
dened a modication of a random walk process, Weiner process, in continuous
time for which the characteristics of the walk has the movement to move back
to the center. The process can be considered to be a modication of the random
walk in continuous time, or Wiener process, in which the properties of the process
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have been changed so that there is a tendency of the walk to move back towards a
central location, with a greater attraction when the process is further away from
the center.
In recent years, the Ornstein-Uhlenbeck process has been applied to the option
valuation model and has been playing an outstanding role as a tool for pricing the
models with stochastic parameters. [9, 38, 39, 61]. This model is widely used for
explaining the stochastic dynamics of the parameter, such as volatility, interest
rate, commodity prices and currency exchange rate [73].
Denition 4.1. The Ornstein-Uhlenbeck process is a stochastic process, x(t),
which satises the following stochastic dierential equation:
dx(t) = (  x(t))dt+ dW (t)) (4.1)
where W (t) denotes the wiener process, a standard Brownian motion, on t 2
[0;1) and  > 0,  > 0 and  are constant parameters.
Since there exists such a situation of a parameter which depends on itself or other
parameters or both, it is assumed that there exists such a stochastic process which
follows the normal Ornstein-Uhlenbeck process with the dependence of not only
its own process, but also other processes. Roughly speaking, this process explicate
an idea of, for instance, the velocity of a massive Brownian particle under the
inuence of many kinds of frictions. In this case, a process, X(t), named as
a GOU process, is a generalization of the Ornstein-Uhlenbeck process, and we
dene the process as follows.
Denition 4.2. The generalization of the Ornstein-Uhlenbeck process, named as
GOU process, is a stochastic process, X(t), which satises the following stochastic
dierential equation:
dX(t) = 0(0  X(t))dt
+ 1(1   Z1(t))dt+ 2(2   Z2(t))dt+ :::+ n(n   Zn(t))dt
+ 0dW0(t) + 1dW1(t) + 2dW2(t) + :::+ ndWn(t)) (4.2)
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where Zi(t) denotes the GOU process, W (t) denotes the Wiener process, on t 2
[0;1) and 0 > 0, 0 > 0,i  0, i  0 and i 2 R are constant parameters
where i = 1; 2; :::; n.
Under the martingale measure Q, the risk-neutral probability, we assume that
within the movement of underlying assets, the risky constituents of market move-
ments can aect a standard Brownian motion. The risky constituents are the risk
factors which can eect the stated underlying asset. For example, the market
price of risk makes an impact on the stock price. In aspect of this situation,
when each risky element within a Weiner process is followed by a GOU process
(see Denition 4.2), we dene this stochastic process as follows.
Denition 4.3. The GOU Weiner process, is a continuous-time stochastic pro-
cess, cW (t), dened by
cW (t) =W (t) + Z t
0
1(s)ds+
Z t
0
2(s)ds+ :::+
Z t
0
n(s)ds (4.3)
where W (t) denotes the wiener process and i(t) is the GOU process when i =
1; 2; :::; n.
The purpose of this chapter is to construct a model of option pricing based on the
actual nancial circumstance. All stochastic processes and necessary conditions
are taken into account in the mathematical model. Hence, a general GOU process
is dened for the advantage of constructing nancial models for the general case.
Denition 4.4. If X(t) is a GOU process, the general GOU process is a stochas-
tic process , bX(t), dened by the following stochastic dierential equation:
d bX(t) = 0(0  X(t))dt
+ 1(1   bZ1(t))dt+ 2(2   bZ2(t))dt+ :::+ n(n   bZn(t))dt
+ 0dcW0(t) + 1dcW1(t) + 2dcW2(t) + :::+ ndcWn(t)) (4.4)
where bZi(t) denotes the general GOU process, cW (t) denotes the GOU Wiener
process on t 2 [0;1), and 0 > 0, 0 > 0,i  0, i  0 and i 2 R are all
constant parameters where i = 1; 2; :::; n.
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By the denitions above, the extended pricing model taking into account the P/E
ratio or earning yield can be constructed mathematically, and is to be presented
in the next section.
4.3 The Option Pricing Model Setting
To establish the extended pricing models, the nancial market is assumed to be
complete and no arbitrage. Under the probability space (
;P;F), 
 is the pric-
ing outcomes space, F is the -algebra denoting measurable events, and P is the
probability measure. There exists a xed martingale measure Q which presum-
ably equals to the probability measure P such that the asset price, discounted at
the risk-free interest rate, and cumulated discounted dividends are martingales.
This assumption guarantees that the market has no arbitrage opportunity [74].
All stochastic processes in such pricing environment are adapted to the ltra-
tion,
Ft	, generated by the Wiener processes. According to Girsanov's theorem
with multiple Brownian motions, there exist Ft-adapted processes 1(t), 2(t)
and 3(t). The equivalent martingale measure Q and the measurable probability
P are related by the following Radon-Nikodym derivative equation [75]
dQ
dP

Ft
= exp

 
Z t
0
1(s)dW1(s) 
Z t
0
2(s)dW2(s) 
Z t
0
3(s)dW3(s)
  1
2
Z t
0

1(s)
2 + 2(s)
2 + 3(s)
2

ds

;P  a:s: (4.5)
The above equation is dened on a complete probability space (
;P;F). Brow-
nian motions, dW1(s), dW2(s) and dW3(s), are assumed to be one-dimensional
uncorrelated Weiner Process.
The risky asset price corresponds to a stock process (S(t)) in such a way that, in
an innitesimal amount of time dt, the innitesimal amount of stock price dS(t)
has mean ((  )S(t)dt (when  = (t; S(t); (t)) and  = (t)). The stock price
can be modeled by the following stochastic dierential equation (SDE)
dS(t)
S(t)
=

S(t; S(t); (t))  (t)

dt+ SdW1(t); (4.6)
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where S(0) > 0; S(t; S(t); (t)) is the total stock yield and S is a positive
volatility.
In this work, the P/E ratio is to be considered in the option pricing model. By
the principle of nance, dividend yield depends on the P/E ratio by
(t) =
1
P=E
:
 Dividend
Earning Per Share

= (Earning Yield):
 Dividend
Earning Per Share

: (4.7)
We assume that the derivative of dividend yield depends on the earning yield, a
reciprocal of the P/E ratio.
Consequently, dividend yield, (t), can be assumed to follow the GOU process.
The model is proposed as follows.
d(t) = 

   (t)

dt+ 

   (t)

dt
+

1dW1(t) + 2dW2(t) + 3dW3(t)

; (4.8)
where (0) = 0, , , , , and i are constants where i = 1; 2; 3
Earning yield, (t), is dened by the following Ornstein-Uhlenbeck process with
the random uctuations of three parameters (as of the GOU process)
d(t) = 

   (t)

dt+

1dW1(t) + 2dW2(t) + 3dW3(t)

; (4.9)
where (0) = 0, , , , , and i are constants when i = 1; 2; 3.
Note that the equation (4.9) is correlated to (4.8), and (4.8) is correlated to (4.6).
These give the relationship among corresponding parameters: S(t), (t) and (t).
In particular case, the absence of correlation between the two processes (or among
three processes) can be derived by setting the parameters , i and/or i to
zero.
The market price of risk is considered as a risk factor i by denition 4.3 and is
assumed to follow the GOU process as follows
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di(t) = i

i   i(t)

dt+ idWi(t); (4.10)
where (0) = 0, i , i , and i are positive constants when i = 1; 2; 3.
The models of stock (4.6), dividend (4.8), earning yiled (4.9) and market price
of risk (4.10) are aected by the market risks; as a result, in the next section,
the pricing models are constructed to capsulate the risk factors, which yield the
advantages for asset pricing.
4.4 The Method and Proof of Pricing Model
With the models setting from the previous section and by analytic approach of
Abraham Lioui [38], the following proofs are derived. The formulas of Euro-
pean options are proved analytically with the assumptions of arbitrage-free and
frictionless market.
When the market price of risk (MPR), i(t), is considered, the kernel of movement
is changed by the market risk. As a result, the Wiener processes Wi(t) which
contains the movement of the market in the models (4.6), (4.8), (4.9) and (4.10)
are replaced by the GOU Wiener process with MPR, cWi(t), instead. Since one
parameter of risk movement, MPR, is determined and by using the denition 4.3,
the GOU Wiener process is derived as follows
cWi(t) = Wi(t) + Z t
0
i(s)ds: (4.11)
The dynamic models (4.6), (4.8), (4.9) and (4.10) are changed. The equation of
the stock price (4.6) becomes
dS(t)
S(t)
=

S(t; S(t); (t))  (t)

dt+ SdcW1(t): (4.12)
By setting S(t; S(t); (t)) = r, the rate of stock return, we have
dS(t)
S(t)
=

r   (t)

dt+ SdcW1(t): (4.13)
38
Because of the fact that the MPR have an inuence on not only the directional
movement of the underlying asset, but also the mean of the asset value directly.
The intrinsic value of the dividend yield can be dened in term of earning yield
by our assumption and can be described by the following processes
d(t) = 

   1


11(t) + 22(t) + 33(t)

  (t)

dt
+ 

   (t)

dt
+

1dcW1(t) + 2dcW2(t) + 3dcW3(t); (4.14)
where
d(t) = 

   1


11(t) + 22(t) + 33(t)

  (t)

dt
+

1dcW1(t) + 2dcW2(t) + 3dcW3(t); (4.15)
in which the equation (4.10) is governed by the risk of market movement. The
market price of risk, MPR, is dened by the Ornstein-Uhlenbeck process as
di(t) = i

i   i(t)

dt+ idcWi(t); (4.16)
where
i = i(1 + i);
i =
i
1 + i
:
In order to derive the option pricing formula, European call option must be
derived before obtaining European put option formula by using the concept of
put-call parity. The European call option, C(t), is dened as [38,39]
C(t) = EQ
h
e r(T t)[S(T ) K]+jFt
i
(4.17)
= e r(T t)EQ
h
S(T )1S(T )>K jFt
i
 Ke r(T t)EQ
h
1S(T )>K jFt
i
(4.18)
where
39
1S(T )>K =
8><>:1 if S(T ) > K;0 if otherwise:
EQ refers to the mean value of the quantity under the risk-neutral probability
measure Q as dened previously in section 4.3, and Ft refers to the ltration
generated by the Wiener process dened perviously.
The distribution of the stock price S(T ), which relies on the factors of volatility,
dividend yield and Brownian movement is obtained by solving (4.13)
S(T ) = S(t) exp

(r   
2
S
2
)(T   t) 
Z T
t
(s)ds+ S
Z T
t
dcW1(S): (4.19)
By observing the equation (4.19), the rst term that we need to determine is the
dividend term,
R T
t
(s)ds. This term can be described as the total dividend yield
in the future from time t to maturity T , and can be derived from (4.14).
Rearranging (4.14) yields
1

d(t) =

   (t)

dt+



   (t)

dt
  1


11(t) + 22(t) + 33(t)

dt
+
1


1dcW1(t) + 2dcW2(t) + 3dcW3(t); (4.20)
that is
(t)dt = dt  1

d(t) +


dt  

(t)dt
  1


11(t) + 22(t) + 33(t)

dt
+
1

dcW1(t) + 2

dcW2(t) + 3

dcW3(t): (4.21)
By integrating both side of equation (4.21), we have
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Z T
t
(s)ds = (T   t)  1


(T )  (t)

+


(T   t)
  

Z T
t
(s)ds  1

Z T
t

11(s) + 22(s) + 33(s)

ds
+
1

Z T
t
dcW1(s) + 2

Z T
t
dcW2(s) + 3

Z T
t
dcW3(s): (4.22)
To solve this problem, we compare the above equation (4.22) to the main equation
of the distribution of stock price (4.19). As a result we can see that the dividend
function at maturity T , (T ), the integral term
R T
t
(s)ds and
R T
t

11(s) +
22(s) + 33(s)

ds must be solved.
We consider the MPR term rst,
R T
t

11(s) + 22(s) + 33(s)

ds. From
(4.16), we derive
Z T
t
i(s)ds = (i(T   t)  1i

i(T )  i(t)

+
i
i
Z T
t
dcWi(s): (4.23)
By solving the exact solution from (4.23), we have
i(T ) = i(t)e
 i(T t) + i(1  e i(T t)) + i
Z T
t
e 
i(T s)dcWi(s): (4.24)
Thus, (4.23) becomes
Z T
t
i(s)ds =
1
i
i(t)

1  e i(T t)

+ i(T   t)  1i
i

1  e i(T t)

+
Z T
t
i
i
  ii
e 
i(T s)

dcWi(s): (4.25)
Substituting the above solution (4.25) into (4.22), we obtain
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Z T
t
(s)ds = (T   t)  1


(T )  (t)

+


(T   t)  

Z T
t
(s)ds
  11

 
(T   t)  11

1  e 1(T t)
!
  22

 
(T   t)  12

1  e 2(T t)
!
  33

 
(T   t)  13

1  e 3(T t)
!
  1
1
1(t)

1  e 1(T t)

  2
2
2(t)

1  e 2(T t)

  3
3
3(t)

1  e 3(T t)

+
1

Z T
t

1  11
+
1
1
e 
1(T s)

dcW1(s)
+
2

Z T
t

1  22
+
2
2
e 
2(T s)

dcW2(s)
+
3

Z T
t

1  33
+
3
3
e 
3(T s)

dcW3(s): (4.26)
Now we will solve (T ) from (4.14) by solving the exact solution with integrating
factor. The solution can be derived as follows.
(T ) = (t)e (T t) + 

1  e (T t)

+



1  e (T t)

  
Z T
t
e (T   s)(s)ds
  1
Z T
t
e (T s)1(s)ds
  2
Z T
t
e (T s)2(s)ds
  3
Z T
t
e (T s)3(s)ds
+ 1
Z T
t
e (T s)dcW1(s)
+ 2
Z T
t
e (T s)dcW2(s)
+ 3
Z T
t
e (T s)dcW3(s): (4.27)
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By considering the above equation, (4.27), the term
R T
t
e (T s)i(s)ds, where
i = 1; 2 and 3, can be derived by the same method of integrating factor applied
to the equation (4.16), namely
Z T
t
e (T s)i(s)ds =
ii
   i
Z T
t
e (T s)ds  1
   i
i(t)
+
1
   i
e (T t)i(t)
i
   i
Z T
t
e (T s)dcWi(s): (4.28)
Since we already solved i, substituting (4.24) into (4.28) yields
Z T
t
e (T s)i(s)ds =
1
   i

e (T t)   e i(T t)

i(t)
ii
(   i)

1  e (T t)

  i
   i

1  e i(T t)

i
   i
Z T
t

e (T s)   e i(T s)

dcWi(s): (4.29)
Substituting
R T
t
e (T s)i(s)ds back into (4.27), we have
(T ) = (t)e (T t) + 

1  e (T t)

+



1  e (T t)

  
Z T
t
e (T s)(s)ds
  1 1
   1
 
1


1  e (T t)

 

1  e 1(T t)
!
  2 2
   2
 
2


1  e (T t)

 

1  e 2(T t)
!
  3 3
   3
 
3


1  e (T t)

 

1  e 3(T t)
!
  1 1
   1

e (T t)   e 1(T t)

1(t)
  2 1
   2

e (T t)   e 2(T t)

2(t)
  3 1
   3

e (T t)   e 3(T t)

3(t)
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+ 1
Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)

dcW1(s)
+ 2
Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)

dcW2(s)
+ 3
Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)

dcW3(s)
(4.30)
Since there is an integral term,
R T
t
e (T s)(s)ds, in the equation (4.30), we need
to simplify this term by the method as follows.
By using the integration by parts technique, we have
Z T
t
e (T s)(s)ds =
h 1

(s)e (T s)
iT
t
  1

Z T
t
e (T s)d(s): (4.31)
Now we consider
R T
t
e (T s)d(s) below.
Z T
t
e (T s)d(s) =
Z T
t
e (T s)
 
   1


11(s) + 22 + 33

  (s)
!
ds
+
Z T
t
e (T s)1dcW1(s)
+
Z T
t
e (T s)2dcW2(s)
+
Z T
t
e (T s)3dcW3(s): (4.32)
Rearranging the above equation, we have
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Z T
t
e (T s)d(s) = 
Z T
t
e (T s)ds  
Z T
t
e (T s)(s)ds
  1
Z T
t
e (T s)1(s)ds
  2
Z T
t
e (T s)2(s)ds
  3
Z T
t
e (T s)3(s)ds
+ 1
Z T
t
e (T s)dcW1(s)
+ 2
Z T
t
e (T s)dcW2(s)
+ 3
Z T
t
e (T s)dcW3(s): (4.33)
Substituting (4.29) into (4.33) yields
Z T
t
e (T s)d(s) =



1  e (T t)

  
Z T
t
e (T s)(s)ds
  1 1
   1
 
1


1  e (T t)

 

1  e 1(T t)
!
  2 2
   2
 
2


1  e (T t)

 

1  e 2(T t)
!
  3 3
   3
 
3


1  e (T t)

 

1  e 3(T t)
!
  1 1
   1

e (T t)   e 1(T t)

1(t)
  2 1
   2

e (T t)   e 2(T t)

2(t)
  3 1
   3

e (T t)   e 3(T t)

3(t)
+ 1
Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
+ 2
Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
+ 3
Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s)
(4.34)
45
From (4.31), we now can evaluate
h
1

(s)e (T s)
iT
t
below, namely
h 1

(s)e (T s)
iT
t
=
1


(T )

  1


(t)e (T t)

: (4.35)
Solving the (T ) term by using the same approach as to nd (T ) and then
substituting (T ) to (4.35), we have
h 1

(s)e (T s)
iT
t
=   1


(t)e (T t)

+
1

"
(t)e (T t) + 

1  e (T t)

  1 1
   1
 
1


1  e (T t)

 

1  e 1(T t)
!
  2 2
   2
 
2


1  e (T t)

 

1  e 2(T t)
!
  1 3
   3
 
3


1  e (T t)

 

1  e 3(T t)
!
  1 1
   1

e (T t)   e 1(T t)

1(t)
  2 1
   2

e (T t)   e 2(T t)

2(t)
  3 1
   3

e (T t)   e 3(T t)

3(t)
+ 1
Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
+ 2
Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
+ 3
Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s)#:
(4.36)
Now substituting (4.34) and (4.36) into (4.31) and rearranging the equation, we
obtain
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(1  

)
Z T
t
e (T s)(s)ds =
(t)


e (T t)   e (T t)

+



1  e (T t)

  11
(   1)
 
1


1  e (T t)

 

1  e 1(T t)
!
  22
(   2)
 
2


1  e (T t)

 

1  e 2(T t)
!
  33
(   3)
 
3


1  e (T t)

 

1  e 3(T t)
!
  1
(   1)

e (T t)   e 1(T t)

1(t)
  2
(   2)

e (T t)   e 2(T t)

2(t)
  3
(   3)

e (T t)   e 3(T t)

3(t)
+
1

Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
+
2

Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
+
3

Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s)
  
2

1  e (T t)

+ 1
1
2   1
 
1


1  e (T t)

 

1  e 1(T t)
!
+ 2
2
2   2
 
2


1  e (T t)

 

1  e 2(T t)
!
+ 3
3
2   3
 
3


1  e (T t)

 

1  e 3(T t)
!
+ 1
1
2   1

e (T t)   e 1(T t)

1(t)
+ 2
1
2   2

e (T t)   e 2(T t)

2(t)
+ 3
1
2   3

e (T t)   e 3(T t)

3(t)
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  1

Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
  2

Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
  3

Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s): (4.37)
Now we simplify (4.38) to obtain
R T
t
e (T s)(s)ds as follows.
Z T
t
e (T s)(s)ds =
(t)
   

e (T t)   e (T t)

+

   

1  e (T t)

  


1  e (T t)

  11
(   )(   1)
 
1


1  e (T t)

 

1  e 1(T t)
!
+
11
(   )(   1)
 
1


1  e (T t)

 

1  e 1(T t)
!
  22
(   )(   2)
 
2


1  e (T t)

 

1  e 2(T t)
!
+
22
(   )(   2)
 
2


1  e (T t)

 

1  e 2(T t)
!
  33
(   )(   3)
 
3


1  e (T t)

 

1  e 3(T t)
!
+
33
(   )(   3)
 
3


1  e (T t)

 

1  e 3(T t)
!
  1
(   )(   1)

e (T t)   e 1(T t)

1(t)
+
1
(   )(   1)

e (T t)   e 1(T t)

1(t)
  2
(   )(   2)

e (T t)   e 2(T t)

2(t)
+
2
(   )(   2)

e (T t)   e 2(T t)

2(t)
  3
(   )(   3)

e (T t)   e 3(T t)

3(t)
+
3
(   )(   3)

e (T t)   e 3(T t)

3(t)
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+
1
(   )
Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
  1
(   )
Z T
t
 
e (T s)   1
   1

e (T s)   e 1(T s)
!
dcW1(s)
+
2
(   )
Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
  2
(   )
Z T
t
 
e (T s)   2
   2

e (T s)   e 2(T s)
!
dcW2(s)
+
3
(   )
Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s)
  3
(   )
Z T
t
 
e (T s)   3
   3

e (T s)   e 3(T s)
!
dcW3(s): (4.38)
Now we substitute (4.38) into (4.30) for nding (T ), namely
(T ) = (t)e (T t) + 

1  e (T t)

+



1  e (T t)

  (t)
   

e (T t)   e (T t)

  
   

1  e (T t)

+
2


1  e (T t)

  11
   1
 1


1  e (T t)

 

1  e 1(T t)

+
11
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  11
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  22
   2
 2


1  e (T t)

 

1  e 2(T t)

+
22
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  22
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  33
   3
 3


1  e (T t)

 

1  e 3(T t)

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+
33
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  33
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  1
   1

e (T t)   e 1(T t)

1(t)
+
1
(   )(   1)

e (T t)   e 1(T t)

1(t)
+
1
(   )(   1)

e (T t)   e 1(T t)

1(t)
  2
   2

e (T t)   e 2(T t)

2(t)
+
2
(   )(   2)

e (T t)   e 2(T t)

2(t)
+
2
(   )(   2)

e (T t)   e 2(T t)

2(t)
  3
   3

e (T t)   e 3(T t)

3(t)
+
3
(   )(   3)

e (T t)   e 3(T t)

3(t)
+
3
(   )(   3)

e (T t)   e 1(T t)

3(t)
+ 1
Z T
t

e (T s)   1
   1

e (T s)   e 1(T s)

dcW1(s)
  1
   
Z T
t

e (T s)   1
   1

e (T s)   e 1(T s)

dcW1(s)
+
1
   
Z T
t

e (T s)   1
   1

e (T s)   e 1(T s)

dcW1(s)
+ 2
Z T
t

e (T s)   2
   2

e (T s)   e 2(T s)

dcW2(s)
  2
   
Z T
t

e (T s)   2
   2

e (T s)   e 2(T s)

dcW2(s)
+
2
   
Z T
t

e (T s)   2
   2

e (T s)   e 2(T s)

dcW2(s)
+ 3
Z T
t

e (T s)   3
   3

e (T s)   e 3(T s)

dcW3(s)
  3
   
Z T
t

e (T s)   3
   3

e (T s)   e 3(T s)

dcW3(s)
+
3
   
Z T
t

e (T s)   3
   3

e (T s)   e 3(T s)

dcW3(s): (4.39)
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The total earning yield,
R T
t
(s)ds, is the only term left that we need to solve for
(4.26) by using the same technique as solving the term
R T
t
(s)ds and it can be
described mathematically by the following solution
Z T
t
(s)ds =
1

(t)

1  e (T t)

+ 

(T   t)  1


1  e (T t)

  11


(T   t)  11

1  e 1(T t)

 
1
(   1)

1  e (T t)

+
1
   1

1  e 1(T t)

  22


(T   t)  12

1  e 2(T t)

 
2
(   2)

1  e (T t)

+
1
   2

1  e 2(T t)

  33


(T   t)  13

1  e 3(T t)

 
3
(   3)

1  e (T t)

+
1
   3

1  e 3(T t)

+
1


1
   1

e (T t)   e 1(T t)

  11

1  e 1(T t)

1(t)
+
2


1
   2

e (T t)   e 2(T t)

  12

1  e 2(T t)

2(t)
+
3


1
   3

e (T t)   e 3(T t)

  13

1  e 3(T t)

3(t)
+
1

Z T
t

1  11
+
1
1
e 
1(T s)   e (T s)
+
1
   1

e (T s)   e 1(T s)

dcW1(s)
+
2

Z T
t

1  22
+
2
2
e 
2(T s)   e (T s)
+
2
   2

e (T s)   e 2(T s)

dcW2(s)
+
3

Z T
t

1  33
+
3
3
e 
3(T s)   e (T s)
+
3
   3

e (T s)   e 3(T s)

dcW3(s): (4.40)
The term
R T
t
(s)ds nally can be obtained by substituting (4.39) and (4.40) into
(4.26). After rearranging the solution, we obtain
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Z T
t
(s)ds =


(T   t) + 1


1  e (T t)

(t)
+ 

(T   t)  1


1  e (T t)

+



1
   

e (T t)   e (T t)

  1

(1  e (T t)

(t)
+



1
   

1  e (T t)

  1


1  e (T t)

  


1  e (T t)

  (T   t) + 1


1  e (T t)

+
11


(T   t)  11
 
1  e 1(T t)
  1
   1
 1


1  e (T t)

 

1  e 1(T t)

+
22


(T   t)  12

1  e 2(T t)

  1
   2
 2


1  e (T t)

 

1  e 2(T t)

+
33


(T   t)  13

1  e 3(T t)

  1
   3
 3


1  e (T t)

 

1  e 3(T t)

+
11

"
1
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  1
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  1

 
(T   t)  11

1  e 1(T t)

 
1
(   1)

1  e (T t)

+
1
   1

1  e 1(T t)
!#
+
22

"
1
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  1
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  1

 
(T   t)  12

1  e 2(T t)

 
2
(   2)

1  e (T t)

+
1
   2

1  e 2(T t)
!#
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+
33

"
1
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  1
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  1

 
(T   t)  13

1  e 3(T t)

 
3
(   3)

1  e (T t)

+
1
   3

1  e 3(T t)
!#
+
1


1
   1

e (T t)   e 1(T t)

  11

1  e 1(T t)

1(t)
+
2


1
   2

e (T t)   e 2(T t)

  12

1  e 2(T t)

2(t)
+
3


1
   3

e (T t)   e 3(T t)

  13

1  e 3(T t)

3(t)
+
1


1
(   )(   1)

e (T t)   e 1(T t)

  1
(   )(   1)

e (T t)   e 1(T t)

  1


1
   1

e (T t)   e 1(T t)

  11
 
1  e 1(T t)

1(t)
+
2


1
(   )(   2)

e (T t)   e 2(T t)

  1
(   )(   2)

e (T t)   e 2(T t)

  1


1
   2

e (T t)   e 2(T t)

  12
 
1  e 2(T t)

2(t)
+
3


1
(   )(   3)

e (T t)   e 3(T t)

  1
(   )(   3)

e (T t)   e 3(T t)

  1


1
   3

e (T t)   e 3(T t)

  13
 
1  e 3(T t)

3(t)
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+Z T
t
1

  11
1
  1

+
11
1

+
11
1
  11
(   1)
  11
1
+
11
(   1)

e 
1(T s)
+
 11
(   1)
  1

  1
(   ) +
11
(   )(   1)

e (T s)
+
 1
(   )  
11
(   )(   1)
+
1

  11
(   1)

e (T s)

dcW1(s)
+
Z T
t
2

  22
2
  2

+
22
2

+
22
2
  22
(   2)
  22
2
+
22
(   2)

e 
2(T s)
+
 22
(   2)
  2

  2
(   ) +
22
(   )(   2)

e (T s)
+
 2
(   )  
22
(   )(   2)
+
2

  22
(   2)

e (T s)

dcW2(s)
+
Z T
t
3

  33
3
  3

+
33
3

+
33
3
  33
(   3)
  33
3
+
33
(   3)

e 
3(T s)
+
 33
(   3)
  3

  3
(   ) +
33
(   )(   3)

e (T s)
+
 3
(   )  
33
(   )(   3)
+
3

  33
(   3)

e (T s)

dcW3(s):
(4.41)
By substituting (4.41) into (4.19), S(T ) is solved and the formula for the stock
pricing can be derived.
From the structure of stock distribution, a stock value at maturity S(T ) depends
on not only the basic well-known parameters: current stock value S(t), volatility
S, dividend yield (t), interest rate r, current time t and maturity time T , but
also the earning yield (t) (where the dividend yield (t) depends on the earning
yield (t)). The stock valuation model is derived by the analytical approach of
the new formation of the relationship. The following proposition is proposed.
Proposition 4.1. The stock price at maturity, S(T ), with dividend yield (t)
and earning yield (t), can be valuated by the following formula.
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S(T ) = S(t) exp

(r   
2
S
2
)(T   t)  A0(t)(t)  A1(t) B0(t)(t) B1(t) D(t)
+ 1

A2(t)  A3(t)1(t)

+ 2

A4(t)  A5(t)2(t)

+ 3

A6(t)  A7(t)3(t)

+ 1

B2(t) B3(t)1(t)

+ 2

B4(t) B5(t)2(t)

+ 3

B6(t) B7(t)3(t)

+
Z T
t
"1(s)dcW1(s) + Z T
t
"2(s)dcW2(s) + Z T
t
"3(s)dcW3(s) (4.42)
where W (t) denotes the GOU wiener process and Ai(t), Bi(t), D(t), and i(s),
where i = 0; 1; 2; :::; 7, are as follows.
A0(t) =
1


1  e (T t)

;
A1(t) = 

(T   t)  1


1  e (T t)

;
A2(t) =
1


(T   t)  11
 
1  e 1(T t)
  1
   1
 1


1  e (T t)

 

1  e 1(T t)

;
A3(t) =
1


1
   1

e (T t)   e 1(T t)

  11

1  e 1(T t)

;
A4(t) =
2


(T   t)  12

1  e 2(T t)

  1
   2
 2


1  e (T t)

 

1  e 2(T t)

;
A5(t) =
1


1
   2

e (T t)   e 2(T t)

  12

1  e 2(T t)

;
A6(t) =
3


(T   t)  13

1  e 3(T t)

  1
   3
 3


1  e (T t)

 

1  e 3(T t)

;
A7(t) =
1


1
   3

e (T t)   e 3(T t)

  13

1  e 3(T t)

;
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B0(t) =



1
   

e (T t)   e (T t)

  1

(1  e (T t)

;
B1(t) =



1
   

1  e (T t)

  1


1  e (T t)

  


1  e (T t)

  (T   t) + 1


1  e (T t)

;
B2(t) =
1

"
1
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  1
(   )(   1)
 1


1  e (T t)

 

1  e 1(T t)

  1

 
(T   t)  11

1  e 1(T t)

 
1
(   1)

1  e (T t)

+
1
   1

1  e 1(T t)
!#
;
B3(t) =



1
(   )(   1)

e (T t)   e 1(T t)

  1
(   )(   1)

e (T t)   e 1(T t)

  1


1
   1

e (T t)   e 1(T t)

  11
 
1  e 1(T t)

;
B4(t) =
2

"
1
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  1
(   )(   2)
 2


1  e (T t)

 

1  e 2(T t)

  1

 
(T   t)  12

1  e 2(T t)

 
2
(   2)

1  e (T t)

+
1
   2

1  e 2(T t)
!#
;
B5(t) =



1
(   )(   2)

e (T t)   e 2(T t)

  1
(   )(   2)

e (T t)   e 2(T t)

  1


1
   2

e (T t)   e 2(T t)

  12
 
1  e 2(T t)

;
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B6(t) =
3

"
1
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  1
(   )(   3)
 3


1  e (T t)

 

1  e 3(T t)

  1

 
(T   t)  13

1  e 3(T t)

 
3
(   3)

1  e (T t)

+
1
   3

1  e 3(T t)
!#
;
B7(t) =



1
(   )(   3)

e (T t)   e 3(T t)

  1
(   )(   3)

e (T t)   e 3(T t)

  1


1
   3

e (T t)   e 3(T t)

  13
 
1  e 3(T t)

;
D(t) =


(T   t);
"1(s) = S  
1

  11
1
  1

+
11
1

+
11
1
  11
(   1)
  11
1
+
11
(   1)

e 
1(T s)
+
 11
(   1)
  1

  1
(   ) +
11
(   )(   1)

e (T s)
+
 1
(   )  
11
(   )(   1)
+
1

  11
(   1)

e (T s)

;
"2(s) =  
2

  22
2
  2

+
22
2

+
22
2
  22
(   2)
  22
2
+
22
(   2)

e 
2(T s)
+
 22
(   2)
  2

  2
(   ) +
22
(   )(   2)

e (T s)
+
 2
(   )  
22
(   )(   2)
+
2

  22
(   2)

e (T s)

;
"3(s) =  
3

  33
3
  3

+
33
3

+
33
3
  33
(   3)
  33
3
+
33
(   3)

e 
3(T s)
+
 33
(   3)
  3

  3
(   ) +
33
(   )(   3)

e (T s)
+
 3
(   )  
33
(   )(   3)
+
3

  33
(   3)

e (T s)

:
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The proposition 1 can be applied in order to derive the formulas for European
options pricing by using Ito's lemma and explicit computation.
4.5 The Options Pricing Formula
Options pricing is the main topic in this thesis; therefore, we will determine
the formulas to evaluate the option price by using the analytical approach and
applying Ito's lemmas.
4.5.1 European Call Option
Call option is the main formula to derive since Put option can be derived by
using the Put-Call parity relationship. Generally, option pricing is impacted by
the stock price. From previous section, we proposed the formula of stock pricing.
In order to solve the European options formula, the Ito isometry lemma is applied
to solve the European options formula
E
Z T
t
"i(s)dcWi(s)2 = E Z T
t
"i(s)
2ds

: (4.43)
From (4.43), we dene the expectation of the movement of our stock pricing
model as follows
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds: (4.44)
Now, from (4.18), we need to solve for EQ
h
S(T )1S(T )>K jFt
i
and EQ
h
1S(T )>K jFt
i
in order to get the Call option price. Thus, by following Lioui's approach for
analytically solving for option price [38, 38], we let
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

: (4.45)
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Note that when call option is exercised, S(T ) > K, under the risk-adjusted
probabilities, we denote  to follow a standard normal distribution and dene
E
h
(t)2
i
= (t): (4.46)
From proposition 1, we have
   1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

: (4.47)
Denote
d2 =
1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

: (4.48)
Thus (4.47) and (4.48) gives    d2. The risk-adjusted probability of this event
is 1 N( d2) = N(d2) [76]. This yields EQ
h
1S(T )>K jFt
i
with
EQ
h
1S(T )>K jFt
i
= N(d2); (4.49)
where d2 =
1
(t)

lnS(t)
K
+ (r   2s
2
)(T   t)  (t)

.
Next, we derive for EQ
h
S(T )1S(T )>K jFt
i
as follows.
EQ
h
S(T )1S(T )>K jFt
i
= EQ
h
S(T )1> d2jFt
i
= S(t) exp
n
(r   
2
s
2
)(T   t)  (t)
o
EQ
h
e(t)1> d2 jFt
i
= S(t)e(r 
2s
2
)(T t) (t)e
1
2
(t)2N
 
d2 + (t)

= S(t)e(r 
2s
2
)(T t) (t)+ 1
2
(t)2N(d1); (4.50)
since EQ
h
e(t)1> d2 jFt
i
= e
1
2
(t)2N
 
d2 + (t)

and d1 = d2 + (t).
By applying (4.49) and (4.50) to (4.18), the European call option pricing formula
can be derived as detailed below
European call option formula C(t) is derived when stock price S(t) is matured
at time T and with the exercise price K. By given the corresponding conditions
of dividend yield (t) and earning yield (t), the explicit formula is given in the
following proposition.
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Proposition 4.2. The price of European call option C(t), of maturity T written
on stock S(t) with exercise price K, stochastic dividend (t) and stochastic earning
yield (t), is
C(t) = S(t)e
h
 
2
S
2
(T t) (t)+ 1
2
(t)2
i
N(d1) Ke r(T t)N(d2) (4.51)
where
d1 =d2 + (t);
d2 =
1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

;
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds;
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

;
and A0(t) A7(t), B0(t) B7(t), D(t) and "1(s)  "3(s) are precisely given in the
proposition 1.
4.5.2 Put-Call Parity
In nancial mathematics, Put-Call parity denes a relationship between the price
of a European call option and European put option written on a stock S(t) with
the same maturity and exercise price in a frictionless market. For the portfolio of
buying a call option C(t) and selling a put option P (t) for the stock price S(t) at
maturity T and exercise price K, in the absence of arbitrage opportunities, the
following relationship exists between the value of the various instruments
C(t)  P (t) = e r(T t)EQ
h
S(T ) KjFt
i
= e r(T t)EQ
h
S(T )jFt
i
 Ke r(T t) (4.52)
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when the e r(T t) is explicitly assigned as a discount factor to time t. By applying
equation (4.42) in proposition 1 , EQ
h
S(T )jFt
i
is derived
EQ
h
S(T )jFt
i
= S(t) exp
n
(r   
2
s
2
)(T   t)  (t)
o
EQ
h
e(t)jFt
i
(4.53)
= S(t) exp
n
(r   
2
s
2
)(T   t)  (t) + 1
2
(t)2
o
: (4.54)
Substitute (4.54) into (4.52), then given the corresponding conditions of dividend
yield (t) and earning yield (t), the explicit formula of put-call parity is obtained
as follows.
Proposition 4.3. The put-call parity between the European call option C(t) and
put option P (t), related to the stochastic dividend yield (t) and stochastic earning
yield (t) with exercise price K at maturity T , is
C(t)  P (t) = S(t)e
h
 (t) 
2
S
2
(T t)+ 1
2
(t)2
i
 Ke r(T t) (4.55)
where
d1 =d2 + (t);
d2 =
1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

;
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds;
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

;
and A0(t) A7(t), B0(t) B7(t), D(t) and "1(s)  "3(s) are precisely given in the
proposition 1.
4.5.3 European Put Option
As a security for the investors, options of the stock have been determined widely.
Not only Call option but also Put option are important as a derivative for invest-
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ment in the portfolio.
By applying the equation (4.51) in proposition 2 and the equation (4.55) in propo-
sition 3, the European put option formula P (t) is derived when the stock price
S(t) is matured at time T with the exercise price K. Given the corresponding
conditions of dividend yield (t) and earning yield (t), the explicit formula for
the put option is given as follows.
Proposition 4.4. The price of European put option C(t) of maturity T written
on stock S(t) with exercise price K, stochastic dividend (t) and stochastic earning
yield (t), is
P (t) = Ke r(T t)N( d2)  S(t)e
h
 (t) 
2
S
2
(T t)  1
2
(t)2
i
N( d1) (4.56)
where
d1 =d2 + (t);
d2 =
1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

;
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds;
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

;
and A0(t) A7(t), B0(t) B7(t), D(t) and "1(s)  "3(s) are precisely given in the
proposition 4.1.
4.6 Concluding Remarks
For more than 30 years, the Black-Scholes-Merton model has been playing a very
important role in the nancial world. The factors which can be taken into account
in the model are well-known for decades, except for the P/E ratio or earning yield.
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In this chapter, we introduce the new stochastic process, named GOU process,
which is the generalization of the Ornstein-Uhlenbeck process. By applying the
GOU process, we theoretically extend the pricing model taking into account the
P/E ratio or earning yield. The call option price formula (4.51), put-call parity
relationship (4.55) and the put option price formula (4.55) are developed with
the features of stochastic dividend yield and stochastic earning yield including
the stochastic market price of risk(MPR) as an important stochastic factor in
the real-world situation. In the next chapter, we will test the sensitivity of our
model and examine the model performance to check the possibility to use the
new model in the real-world market.
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Chapter 5
Greek Parameters of Option
Pricing Model with Stochastic
Earning Yield
5.1 General
The Greek Parameters are the sensitivity measure to the rate of change of the
option price with respect to the parameters of the model. Once the option pricing
model has been proposed, the Greek parameters are the quantities which are
required to represent the sensitivity of the option price; for instance, change of
the option price to a change in the underlying price and change of the option
price to a change in the implied volatility. In this chapter, we will propose the
proposition for the measure of the risks from changes in some parameters.
The ultimate goal of this thesis is to improve the option pricing model so that it
can allow more parameters to be taken into account. In last chapter we theoret-
ically develop a new model and establish the propositions for the European call
and put options taking account into the stochastic dividend yield, the stochastic
earning yield and the stochastic market price of risk (MPR). The Greek parame-
ters as the sensitivity representative of the option pricing model are the common
measures to check the sensitivity of the model to the change of parameters. In
this chapter we will theoretically prove and propose the propositions for Greek
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parameters.
5.2 Delta
Delta is the rst-order Greeks parameter which is the measure of the rate of
change of the option price with respect to the change in the stock price or un-
derlying asset's price. In other words, Delta can be described as the rst order
derivative of the option price, C(t), with respect to the underlying asset price,
S(t). The delta value, C(t), is greater than zero and lower than one [54]. The
same meaning is dened for the Delta in the option pricing model with the earn-
ing yield parameter by the number of underlying units in a portfolio replicating
the option.
In order to derive the formula for the Delta by replicating method with an idea
from Chapter 3, we refer to the proposition 4.2. By following the analytical
approach of Lioui [38, 39], applying Ito's lemma to equation (4.51), we obtain
dC(t) =()dt+ e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)dS(t)
  S(t)e
h
 
2
S
2
(T t) (t)+ 1
2
(t)2
i
N(d1)

A0(t)d(t) + 1A3(t)d1(t)
+ 2A5(t)d2(t) + 3A7(t)d3(t) +B0(t)d(t) + 1B3(t)d1(t)
+ 2B5(t)d2(t) + 3B7(t)d3(t)

: (5.1)
By applying (4.11)-(4.16), (5.1) becomes
dC(t) =()dt+ e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)dS(t)

 h
I J K
i26664
dW1(t)
dW2(t)
dW3(t)
37775; (5.2)
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where
I =S(t)S   A0(t)S(t)1 + 1A3(t)S(t)1  B0(t)S(t)1 + 1B3(t)S(t)1;
J =  A0(t)S(t)2 + 2A5(t)S(t)2  B0(t)S(t)2 + 2B5(t)S(t)2;
K =  A0(t)S(t)3 + 3A5(t)S(t)3  B0(t)S(t)3 + 3B7(t)S(t)3:
With the idea given in Chapter 3, we consider the portfolio replication. If there
are (t) units of the riskless asset, we have
C(t) = (t)ert +C(t)S(t) + (t)
 
X(t) + Y (t)

: (5.3)
By the self-nancing trading strategy, we get
dC(t) =(t)d

ert

+C(t)dS(t) + C(t)(t)S(t)dt
+ (t)dX(t) + (t)dY (t): (5.4)
Consequently,
dC(t) =()dt+
 h
M N
i|
26664
dW1(t)
dW2(t)
dW3(t)
37775; (5.5)
where
M =
26664
S X1(t) Y 1(t)
0 X2(t) Y 2(t)
0 X3(t) Y 3(t)
37775 ;
N =
26664
C(t)dS(t)
(t)X(t)
(t)Y (t)
37775 :
From (5.2) and (5.5), we obtain
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e
 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)
h
I J K
i
=
h
M N
i|
; (5.6)
where
I =S(t)S   A0(t)S(t)1 + 1A3(t)S(t)1  B0(t)S(t)1 + 1B3(t)S(t)1;
J =  A0(t)S(t)2 + 2A5(t)S(t)2  B0(t)S(t)2 + 2B5(t)S(t)2;
K =  A0(t)S(t)3 + 3A5(t)S(t)3  B0(t)S(t)3 + 3B7(t)S(t)3;
M =
26664
S X1(t) Y 1(t)
0 X2(t) Y 2(t)
0 X3(t) Y 3(t)
37775 ;
N =
26664
C(t)dS(t)
(t)X(t)
(t)Y (t)
37775 ;
Then we derive
h
M N
i|
=
26666664
SC(t)S(t) + X1(t)(t)X(t) + Y 1(t)(t)Y (t)
X2(t)(t)X(t) + Y 2(t)(t)Y (t)
X3(t)(t)X(t) + Y 3(t)(t)Y (t)
37777775 : (5.7)
From (5.6) and (5.7), we have
e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)[I] = SC(t)S(t)+X1(t)(t)X(t)+Y 1(t)(t)Y (t);
(5.8)
e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [J ] = X2(t)(t)X(t) + Y 2(t)(t)Y (t); (5.9)
e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [K] = X3(t)(t)X(t) + Y 3(t)(t)Y (t); (5.10)
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where
I =S(t)S   A0(t)S(t)1 + 1A3(t)S(t)1  B0(t)S(t)1 + 1B3(t)S(t)1;
J =  A0(t)S(t)2 + 2A5(t)S(t)2  B0(t)S(t)2 + 2B5(t)S(t)2;
K =  A0(t)S(t)3 + 3A5(t)S(t)3  B0(t)S(t)3 + 3B7(t)S(t)3;
Now, multiplying through equation (5.9) by  X3
X2
and adding the result into
(5.10), we derive
 X3
X2
e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)

[J ] + [K]

=
 X3Y 2
X2
+ Y 3

(t)Y (t)
(5.11)
By simplication, we get
(t)Y (t) =
 X3
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)

[J ] + [K]

(5.12)
Substituting (t)Y (t) into (5.9), we obtain
(t)X(t) =
Y 3
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [J ]
  Y 2
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [K]: (5.13)
Then, we can derive SC(t)S(t) as follows
SC(t)S(t) =e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [I]
  X1Y 3
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [J ]
+
X1Y 2
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [K]
+
Y 1X3
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [J ]
  Y 1X2
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [K] (5.14)
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which, after simplication, becomes
SC(t)S(t) =e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [I]
+
Y 1X3   X1Y 3
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [J ]
+
X1Y 2   Y 1X2
X2Y 3   X3Y 2 e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  [K] (5.15)
where
I =S(t)S   A0(t)S(t)1 + 1A3(t)S(t)1  B0(t)S(t)1 + 1B3(t)S(t)1;
J =  A0(t)S(t)2 + 2A5(t)S(t)2  B0(t)S(t)2 + 2B5(t)S(t)2;
K =  A0(t)S(t)3 + 3A5(t)S(t)3  B0(t)S(t)3 + 3B7(t)S(t)3:
Consequently, by simply rearranging the above equation, C(t) can be derived as
the formula for delta of the call option with stochastic earning yield as the units
number of the underlying asset in such a portfolio to replicate the call option.
We thus propose the proposition as follows.
Proposition 5.1. The delta of call option as the units number of the underlying
asset in such a portfolio to replicate the call option,C(t) written on S(t) with ex-
ercise price K, maturity time T , stochastic earning yield (t), stochastic dividend
yield (t) and stochastic market price of risk (t), is
C(t) =e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)  1
X2Y 3   X3Y 2

h
(X2Y 3   X3Y 2)H1(t)
+ (Y 1X3   X1Y 3)H2(t)
+ (X1Y 2   Y 3X2)H3(t)
i
; (5.16)
where
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H1(t) =S   A0(t)S(t)1 + 1A3(t)1  B0(t)1 + 1B3(t)1;
H2(t) =  A0(t)2 + 2A5(t)2  B0(t)2 + 2B5(t)2;
H3(t) =  A0(t)3 + 3A5(t)3  B0(t)3 + 3B7(t)3;
and X1 X3 and Y 1 Y 3 are the volatilities of the risky asset used to complete
the market.
The proposition derived above is by using the method of replication based on
Lioui [38, 39]. The stochastic dividend with stochastic earning yield is making
an impact as similar to the model derived by Lioui. The delta shown in the
proposition 5 can be either positive or negative, which is dierent to that of
the Black-Scholes-Merton model. The reason for this is similar to what Lioui
expressed in his paper [38]. The stock is hedged not only for the risk of the
underlying, but also for the risk of the other parameters including the risk of
dividend yield, the risk of market price of risk and the risk of earning yield.
The sign of the call delta is time dependent, because the function Ai(t), Bi(t)
and D(t) are all time dependent, which implies that our method of portfolio
replication might start with any position, either long or short position and end
with any position as well and these aect the sign of the value.
The property of our proposition has more general settings than the Black-Scholes-
Merton delta since it holds for stochastic parameters. However, it should be noted
that for this proposition the delta is not calculated by the derivative of call option,
@C(t)
@S(t)
. By the derivative method, we obtain the following result.
Proposition 5.2. The delta of the call option, ,with stochastic earning yield
(t), stochastic dividend yield (t) and stochastic market price of risk (t) written
on S(t) with exercise price K and maturity time T , is
C(t) =
@C(t)
@S(t)
= e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1); (5.17)
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where
d1 =d2 + (t);
d2 =
1
(t)

ln
S(t)
K
+ (r   
2
s
2
)(T   t)  (t)

;
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds;
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

;
and A0(t) A7(t), B0(t) B7(t), D(t) and "1(s)  "3(s) are precisely given in the
proposition 1.
The delta is positive as expected. These results have more general settings than
previous works [38,77] as the model contains the stochastic earning yield.
5.3 Gamma
Gamma is the Greek parameter to measure the rate of change of the delta with
respect to change in the underlying asset or the stock price. On the other words,
Gamma is the second derivative of the option price with respect to the underlying
asset value. Note that the gamma can be either positive or negative, and depends
on what type of the options. Long options yield positive value while short options
yield negative Gamma. Gamma has the signicant property to correct the con-
vexity of the value. For example, the investor might want to have the neutralized
gamma of portfolio to assure that their ivestment is eective with any movement
of the nancial risky market. [78]
With the new parameters considered, including the stochastic dividend yield (t),
the stochastic market price of risk (t) and the stochastic earning yield (t), the
extended option pricing model has been derived, and the gamma is obtained as
follows.
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Proposition 5.3. The gamma of call option,  (t), with stochastic earning yield
(t), stochastic dividend yield (t) and stochastic market price of risk (t) as the
units number of the underlying asset in such a portfolio to replicate the call option
written on S(t) with exercise price K and maturity time T , is
 (t) =e

 
2
S
2
(T t) (t)+ 1
2
(t)2

N(d1)
S(t)(t)2
 1
X2Y 3   X3Y 2

h
(X2Y 3   X3Y 2)H1(t)
+ (Y 1X3   X1Y 3)H2(t)
+ (X1Y 2   Y 3X2)H3(t)
i
; (5.18)
where
H1(t) =S   A0(t)S(t)1 + 1A3(t)1  B0(t)1 + 1B3(t)1;
H2(t) =  A0(t)2 + 2A5(t)2  B0(t)2 + 2B5(t)2;
H3(t) =  A0(t)3 + 3A5(t)3  B0(t)3 + 3B7(t)3;
and X1 X3 and Y 1 Y 3 are the volatilities of the risky asset used to complete
the market.
The property of this gamma is the same as the delta in the previous section. The
sign can be both positive and negative.
5.4 Vega
Vega is the Greek parameter to measure the sensitivity of the option value to the
change of volatility. It is dened by the derivative of the option price with respect
to the underlying stock volatility. The Greek parameter is one of the important
measures to show the prot that the investor may receive when the volatility
changes. Especially, for investment in the risky market, the option invested in
the market is particularly sensitive to the change of market volatility. [78]
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For the extended option pricing model taking into account the stochastic dividend
yield (t), the stochastic market price of risk (t) and the stochastic earning yield
(t), based on equation (4.51) in proposition 4.2, the Greek parameter Vega is
coumputed by dierentiating C(t) with respect to S and the result is given by
proposition 5.4 below.
Proposition 5.4. The vega of call option, (t), with stochastic earning yield
(t), stochastic dividend yield (t) and stochastic market price of risk (t) as the
units number of the underlying asset in such a portfolio to replicate the call option
written on S(t) with exercise price K and maturity time T , is
(t) =S(t)e
h
 
2
S
2
(T t) (t)+ 1
2
(t)2
i
N(d1)
S(T   t)
(t)
  S(t)e
h
 
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2
(T t) (t)+ 1
2
(t)2
i
N(d1)
 1
(t)
+ 1

	(t); (5.19)
where
d1 =d2 + (t);
d2 =
1
(t)

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S(t)
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+ (r   
2
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)(T   t)  (t)

;
(t)2 =
Z T
t
"1(s)
2ds+
Z T
t
"2(s)
2ds+
Z T
t
"3(s)
2ds;
(t) = A0(t)(t) + A1(t) +B0(t)(t) +B1(t) +D(t)
  1

A2(t)  A3(t)1(t)

  2

A4(t)  A5(t)2(t)

  3

A6(t)  A7(t)3(t)

  1

B2(t) B3(t)1(t)

  2

B4(t) B5(t)2(t)

  3

B6(t) B7(t)3(t)

;
	(t) = 
Z T
t
("1(s)  S)ds;
and A0(t) A7(t), B0(t) B7(t), D(t) and "1(s)  "3(s) are precisely given in the
proposition 1.
The result of the vega that we obtained is dierent from the Black-Scholes-Merton
model which only provides a positive value. The model of our work with the
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existence of the stochastic earning yield can be either positive or negative which
is similar to Loui's work with the presence of the stochastic dividend yield (2006)
[38] and the work of Karoui, Jeanblanc-Picque and Shreve with the presence of
the stochastic volatility (1998) [79]. Our work complements the previous works.
In summary, our option pricing model yields a stochastic value of option price
because of the presence of three stochastic parameters, including the stochastic
earning yield, the stochastic dividend yield and the stochastic market price of
risk. The option prices are aected by these three stochastic parameters.
5.5 Concluding Remarks
The Greek parameters are the measures of the sensitivity of the option value
to the change of the model parameters. Computation of these parameters are
important as they help to manage the risk to hedge the portfolio. In the study of
option pricing models, the Greek parameters are usually analyzed as the testing
of the models.
In this chapter, we successfully establish analytical results for the Greek param-
eters delta (t), gamma  (t), and vega (t). All the results are for call option.
The Greek parameter delta is determined in two methods, as the units number
of the underlying in the portfolio which is replicating to the option value and as
the derivative of the option price with respect to the stock price; while the Greek
parameter gamma and vega are determined respectively as the derivative of the
delta with respect to the stock price, and the derivative of the option price with
respect to the stock volatility.
The results obtained possess very interesting stochastic features which is due to
the consideration of the stochastic characteristic of the model parameters. Our
results show some similarities to those by the option pricing model with the
stochastic volatility [79] and the model with stochastic dividend yield [38]. Our
results complements previous works by including the stochastic earning yield in
the option pricing model.
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Chapter 6
Performance of Option Pricing
Model with Stochastic Earning
Yield
6.1 General
In Chapters 4 and 5, we develop an extended option pricing model taking into
account the stochastic earning yield and establish analytical results for the Greek
parameters. In this chapter, we will investigate the eectiveness of the model
with particular focus on tackling the following issues/questions: Is the model
applicable? What is the implications from stochastic earning yield for the option
properties? What is the sensitivity of the option price to the model parameters?
Does the model perform a suitable property of option price? There are several
parameters in our new option pricing model, including strike time T , the volatility
of the underlying asset S, the volatility of the dividend yield i , the volatility
of the earning yield i , the volatility of the market price of risk i , the dividend
yield friction coecient , the earning yield friction coecient  and the market
price of risk friction coecient i . In this chapter we will test the performance
of the model by checking the sensitivity of the option pricing model to each of
the key parameters.
75
Table 6.1: Parameter values used in the sensitivity analysis simulation
K = 500 (0) = 0:05 (0) = 0:05 1(0) = 0:20
r = 0:05  = 0:05  = 0:05 2(0) = 0:20
3(0) = 0:20
1 = 0:20
2 = 0:20
3 = 0:20
6.2 Sensitivity Analysis
Sensitivity Analysis is an approach to analyze the model by observing the changes
of the model output while changing the model inputs. This analysis is an impor-
tant investigation for the development of new models, especially for developing
models to be used for decision making and for stochastic models with uncertainty.
As our extended model includes various parameters, the sensitivity analysis is to
be carried out to investigate the importance and the level of impact of each of
the parameters. The parameters to be investigated include time maturity T , the
volatility of the underlying asset S, the volatility of the dividend yield i , the
volatility of the earning yield i , the volatility of the market price of risk i ,
the dividend yield friction coecient , the earning yield friction coecient 
and the market price of risk friction coecient i .
In order to test the sensitivity of the option price to the change of parame-
ter values, in this section, we perform some simulations by globally setting the
parameters as shown in the table 6.1,which is the same as Abraham Lioui's arti-
cle [38]. The analysis of sensitivity will be described by two aspects: the inuence
of the parameter itself and the variation due to the use of dierent models. The
rst aspect is to observe the trend of sensitivity as the parameter changes, while
the second perspective is to study the pricing property of the models.
In this section, we will analyze the sensitivity of our model by simulating the
variation of the option prices in response to the change of the parameter in ques-
tion. Also we will compare the option prices determined by the deterministic
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dividend yield Black-Scholes-Merton model with the option prices obtained from
our stochastic earning yield option pricing model.
6.2.1 Dividend Yield Friction Coecient ()
In the Ornstein-Uhlenbeck process, the  is the coecient of friction. One of the
well known applications of the Ornstein-Uhlenbeck process is a noisy relaxation
process prototype. A Hookean spring is an example in which change of the friction
coecient may lead to qualitative change of the dynamics of the system [73].
Friction is the resisting force which impacts on the motion of an object. There
are many types of friction in physics, such as dry friction, uid friction, skin
friction and internal friction.
In our GOU process which is applied to the nancial market, the coecient of
the process is treated as the nancial market friction. The obvious examples for
the nancial market friction are taxes and transactions costs. In fact, market
frictions can be anything which can aect the nancial market. Especially for
the stock market, the taxes of capital gains have a signicant inuence on in-
vestors' decision for trading the stocks or hedging the options. The stock market
friction can be a non-monetary factor which interferes with trading market. This
interference includes two dimensions, three dimensions, or n dimensions. Stock
market frictions cause the investors to deviate from holding the underlying port-
folio. This implies that frictions can make a signicant impact on the company
or even the whole nancial market. [80]
The dividend yield friction coecient  is the friction factor which may cause the
change of dividend yield process. In this section we will analyze the sensitivity of
the option prices to this parameter. We test the inuence of the dividend yield
friction coecient by changing this parameter at three values: (DY F ) = 0:20,
(DY F ) = 0:50 and (DY F ) = 0:90, while holding the other parameters at
the values as shown in the table 6.2. The results of simulations are shown in the
Figure 6.1-6.2.
From Figure 6.1-6.2, we can see that the dividend yield friction coecient has
signicant impact on the option prices, no matter when the option is in-the-
77
Table 6.2: Parameter values used in the sensitivity analysis of the model with
respect to the dividend yield friction coecient
T = 0:1 1 = 0:05  = 0:25 1 = 0:45
S = 0:20 2 = 0:05 1 = 0:05 2 = 0:45
3 = 0:05 2 = 0:05 3 = 0:45
3 = 0:05 1 = 0:10
1 = 0:10
1 = 0:10
money or out-of-the-money. Especially for the dividend yield friction coecient
of 0.50, the price of call option increases signicantly and the price of put option
decreases drastically as the moneyness increases.
In gure 6.3, the zoom of the picture 6.2b is shown. The graph of the dividend
yield friction coecient of 0.50 is totally dierent to those for the other two
coecient values. This implies that the dividend yield friction coecient can be
interpreted as the situation of the nancial market that aects the dividend yield
process.
In summary, the dividend yield friction coecient signicantly aects the sen-
sitivity of option prices for both types of options since it reects the situation
of the nancial market. Consequently, in the next section, we should test the
sensitivity in each situation to see the dierence of sensitivity results.
6.2.2 Earning yield friction coecient ()
Since the earning yield process is assumed by the GOU process, the  is the
earning yield friction coecient which has the similar property as the dividend
yield friction coecient. The dierence is that the earning yield friction coe-
cient determines the situation of friction which has inuence on the earning yield
process, for example the factor that can make an impact to the income statement
of a company.
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Table 6.3: Parameter values used in the sensitivity analysis of the model with
respect to the earning yield friction coecient
T = 0:1 1 = 0:05 1 = 0:05 1 = 0:45
S = 0:20 2 = 0:05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:05 3 = 0:45
1 = 0:10
1 = 0:10
1 = 0:10
In this section, we analyze the sensitivity of option prices to the earning yield
friction coecient by changing its value. We change the earning yield friction
coecient at three values,  = 0:20; 0:50 and 0:90, while holding other parame-
ters unchanged at the values gives in table 6.3. As shown in the previous section,
dividend yield friction coecient can create dierent situation of the stock mar-
ket, and thus we will analyze the inuence of the earning yield friction coecient
under three situations ( = 0:35,  = 0:65 and  = 0:95). The simulation
results are shown in gures 6.4-6.11.
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(a)
(b)
Figure 6.1: Sensitivity of call option prices to the dividend yield friction coecient
. (a) Call option price, (b) The ratio of call option price determined by the
constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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(a)
(b)
Figure 6.2: Sensitivity of put option prices to the dividend yield friction coecient
. (a) Put option price, (b) The ratio of put option price determined by the
constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
81
(a)
(b)
Figure 6.3: Range zoom of the gure (6.2b) for the sensitivity of put option prices
to the dividend yield friction coecient . In the gure,  = 0:20 (dotted line),
 = 0:50 (dash-dotted line),  = 0:90 (dashed line).
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(a)
(b)
Figure 6.4: Sensitivity of call option prices to the earning yield friction coecient
 for  = 0:35. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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(a)
(b)
Figure 6.5: Sensitivity of put option prices to the earning yield friction coecient
 for  = 0:35. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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(a)
(b)
Figure 6.6: Range zoom of the gure (6.5b) for the sensitivity of put option prices
to the earning yield friction coecient  for  = 0:35. In the gure,  = 0:20
(dotted line),  = 0:50 (dash-dotted line),  = 0:90 (dashed line).
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(a)
(b)
Figure 6.7: Range zoom of the gure (6.5b) for the sensitivity of put option prices
to the earning yield friction coecient  for  = 0:35. In the gure,  = 0:20
(dotted line),  = 0:50 (dash-dotted line),  = 0:90 (dashed line).
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(a)
(b)
Figure 6.8: Sensitivity of call option prices to the earning yield friction coecient
 for  = 0:65. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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(a)
(b)
Figure 6.9: Sensitivity of put option prices to the earning yield friction coecient
 for  = 0:65. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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(a)
(b)
Figure 6.10: Sensitivity of call option prices to the earning yield friction coecient
 for  = 0:95. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
89
(a)
(b)
Figure 6.11: Sensitivity of put option prices to the earning yield friction coecient
 for  = 0:95. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  = 0:20 (dotted line),  = 0:50 (dash-dotted line),
 = 0:90 (dashed line).
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The simulation results show that the earning yield friction coecient can make
a great impact on option prices for both call and put types. For the situation
of  = 0:35, under environment of the earning yield friction coecient at 0.50,
the option price are noticeably dierent showing the strong stochastic behaviour.
The call prices increase and the put prices decrease signicantly as the money-
ness increases. Figures 6.5-6.7 show that the parameter of earning yield friction
coecient has more impact to the out-of-the-money or deep-out-of-the-money
options. Especially, gure 6.7 shows the uncertainty property when the option
is very-deep-out-of-the-money. However when the situation is changed by setting
 = 0:65,  = 0:50 has similar impact as  = 0:90, and still make more impact
on the out-of-the-money or deep-out-of-the-money options. The co-relationship
between  and  has brought dierent kinds of situations and it wisely explains
the situation of stochastic nancial market in the real world.
From (4.8), if  is taken as positive value, then d(t) will be positive when (t)
increases to values greater than . However, by taking  as negative value, then
the model indicates that (t) increases when (t) is greater than the mean earning
yield . Figures 6.12-6.13 show the inuence of negative  on the option price
when  = 0:35. It is clear that  can be any real number since the earning
yield rate is driven independently and depends on the company policy. For the
simplicity of our investigation of simulation, we will investigate the positive case
of .
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(a)
(b)
Figure 6.12: Sensitivity of call option prices to the earning yield friction coecient
 for  = 0:35. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  =  0:20 (dotted line),  =  0:50 (dash-dotted line),
 =  0:90 (dashed line).
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(a)
(b)
Figure 6.13: Sensitivity of put option prices to the earning yield friction coecient
 for  = 0:35. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure,  =  0:20 (dotted line),  =  0:50 (dash-dotted line),
 =  0:90 (dashed line).
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In the next section, we will consider dierent combinations of the dividend yield
friction coecient  and the earning yield friction coecient  to reect the real
situation of nancial market since both parameters have huge impact and high
sensitivity to the option prices.
6.2.3 Market Price of Risk Friction Coecient (i)
In this thesis, we study the inuence of the market price of risk on the movement
of the market. The market price of risk, i, is determined as the market price of
risk of each fundamental source of risk. And we dene the process of this risk
by the Ornstein-Uhlenbeck process, similar to Lioui's work [38], but we include
the source or risk from the earning yield process. Hence, the market price of
risk process includes the friction coecient which can explain the situation of the
market in each source of risk.
For the sensitivity analysis of this parameter, we follow the same approach as in
the previous sections. Under dierent situations of the market, we set the model
parameters at the values as shown in Table 6.4 but change the value of the market
price of risk friction coecient. In this work, we assume the market price of risk
friction coecient for all sources of risk i to have the same value, for example,
if we set i = 0:20, then it implies that we simulate under the circumstance of
1 = 0:20, 2 = 0:20 and 3 = 0:20. By this approach, we can observe the
sensitivity of option prices to this parameter, the market price of risk friction
coecient.
Table 6.4: Parameter values used in the sensitivity analysis of the model with
respect to the market price of risk friction coecient
T = 0:1 1 = 0:05 1 = 0:05 1 = 0:10
S = 0:20 2 = 0:05 2 = 0:05 1 = 0:10
3 = 0:05 3 = 0:05 1 = 0:10
Under dierent combination of  and , we simulate the sensitivity of option
prices to the market price of risk friction coecient under the various market
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situations where  and  are set to values as shown in the table 6.6.
Table 6.5: Market situation setting by the combination of dividend yield coe-
cient () and earning yield coecient ()
 
0.35 0.25
0.35 0.55
0.35 0.85
0.65 0.25
0.65 0.55
0.65 0.85
0.95 0.25
0.95 0.55
0.95 0.85
Figures 6.4-6.31 show the results of simulation for the sensitivity of the model
with respect to the market price of risk friction coecient.
95
(a)
(b)
Figure 6.14: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:25. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.15: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:25. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
97
(a)
(b)
Figure 6.16: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:55. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
98
(a)
(b)
Figure 6.17: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:55. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.18: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:85. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
100
(a)
(b)
Figure 6.19: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:35 and  = 0:85. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.20: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:25. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
102
(a)
(b)
Figure 6.21: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:25. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.22: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:55. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.23: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:55. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.24: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:85. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.25: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:65 and  = 0:85. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.26: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:25. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.27: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:25. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.28: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:55. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.29: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:55. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
111
(a)
(b)
Figure 6.30: Sensitivity of call option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:85. (a) Call option price, (b) The ratio
of call option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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(a)
(b)
Figure 6.31: Sensitivity of put option prices to the market price of risk friction
coecient i for  = 0:95 and  = 0:85. (a) Put option price, (b) The ratio
of put option price determined by the constant Black-Scholes-Merton model over
the option price obtained from our model. In the gure, i = 0:20 (dotted line),
i = 0:50 (dash-dotted line), i = 0:90 (dashed line).
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From the results shown in gures 6.14-6.31, the market price of risk friction
coecient slightly aects the option prices. Nevertheless, for some situation,
for example in gures 6.20 and 6.21, under the situation of  = 0:65 and  =
0:25, out-of-the-money options, especially the deep-out-of-the-money options, are
impacted by dierent value of market price of risk friction coecient. This can
interestingly explain the nancial market in the real world that market price of
risk is the signicant variable for the incomplete market for which the friction of
the market does exist. However, overall picture of the market price of risk friction
coecient sensitivity test performs slightly eect on option prices. We will ignore
this parameter for the next parameter test of sensitivity.
6.2.4 Maturity (T )
Maturity or maturity date is the last due date for the payment of a nancial
contract or instrument (in our thesis refers to an option contract), in other words,
maturity is the end of the life of a contract of the option [2]. Denitely, the
maturity is the parameter to be considered in the pricing model as it aects the
decision of the investors to manage their risks.
Table 6.6: Parameter values used in the sensitivity analysis of the model with
respect to the maturity
S = 0:20 1 = 0:05 1 = 0:05 1 = 0:45
2 = 0:05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:05 3 = 0:45
1 = 0:10
1 = 0:10
1 = 0:10
In this section, we investigate the sensitivity of the model output to the change
of maturity by setting the parameters at the values as shown in the table 6.6. By
changing the parameter maturity T at three dierent values: T = 0:1, T = 0:3
and T = 0:5, we observe the sensitivity of option prices to maturity date. The
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situation of the market is set to be the same as that in previous section since the
friction coecient of market price of risk has slightly impact on the sensitivity.
The simulation results are shown in Figure 6.32-6.49.
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(a)
(b)
Figure 6.32: Sensitivity of call option prices to the maturity T for  = 0:35 and
 = 0:25. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(b)
Figure 6.33: Sensitivity of put option prices to the maturity T for  = 0:35 and
 = 0:25. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(b)
Figure 6.34: Sensitivity of call option prices to the maturity T for  = 0:35 and
 = 0:55. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(b)
Figure 6.35: Sensitivity of put option prices to the maturity T for  = 0:35 and
 = 0:55. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.36: Sensitivity of call option prices to the maturity T for  = 0:35 and
 = 0:85. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.37: Sensitivity of put option prices to the maturity T for  = 0:35 and
 = 0:85. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.38: Sensitivity of call option prices to the maturity T for  = 0:65 and
 = 0:25. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.39: Sensitivity of put option prices to the maturity T for  = 0:65 and
 = 0:25. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.40: Sensitivity of call option prices to the maturity T for  = 0:65 and
 = 0:55. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.41: Sensitivity of put option prices to the maturity T for  = 0:65 and
 = 0:55. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.42: Sensitivity of call option prices to the maturity T for  = 0:65 and
 = 0:85. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.43: Sensitivity of put option prices to the maturity T for  = 0:65 and
 = 0:85. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
127
(a)
(b)
Figure 6.44: Sensitivity of call option prices to the maturity T for  = 0:95 and
 = 0:25. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.45: Sensitivity of put option prices to the maturity T for  = 0:95 and
 = 0:25. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.46: Sensitivity of call option prices to the maturity T for  = 0:95 and
 = 0:55. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.47: Sensitivity of put option prices to the maturity T for  = 0:95 and
 = 0:55. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.48: Sensitivity of call option prices to the maturity T for  = 0:95 and
 = 0:85. (a) Call option price, (b) The ratio of call option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
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(a)
(b)
Figure 6.49: Sensitivity of put option prices to the maturity T for  = 0:95 and
 = 0:85. (a) Put option price, (b) The ratio of put option price determined by
the constant Black-Scholes-Merton model over the option price obtained from our
model. In the gure, T = 0:1 (dotted line), T = 0:3 (dash-dotted line), T = 0:5
(dashed line).
133
The results shown in the gures include two categories: Option Prices, and the
ratio of the Option Price determined by moneyness and the option price obtained
by our model.
From the rst category of results, it is clear that by changing the value of maturity,
the option prices change signicantly. However, by the uncertainty property of the
model, there is no exact trend to be performed. As the maturity time increases,
the option prices may decreases or increases as we expect from the stochastic
property. In gure 6.32-6.33, under the situation of  = 0:35 and  = 0:25, as
the maturity increases, the call option prices decrease and the put option prices
increase. In gures 6.34-6.35 under the situation of  = 0:35 and  = 0:55, as
the maturity time increases, the call option prices increase and the put option
prices decrease. Moreover, when the maturity time increases, the option prices
may increase or decrease based upon the moneyness. For example, in gure 6.37
when  = 0:35 and  = 0:85, in-the-money put option prices decrease when the
maturity time increases. The results are contrast, under the out-of-the-money
put option. Similar situation occurs in call option prices as shown in Figure 6.38.
From the second type of gures, under the stochastic property, call options may
be either overvalued or undervalued depending on the situation of the nancial
market or the market friction in each source. Under the friction of  = 0:35 and
 = 0:25, in gure 6.32 and 6.33, the call option prices are always overvalued,
whereas the put option prices are always undervalued. Conversely, if the situation
changes to  = 0:65 and  = 0:55, in gures 6.40 and 6.41, the call option prices
are always undervalued, whereas the put option prices are always overvalued. The
reason for these results is that the stochastic dividend yield, stochastic earning
yield and stochastic market price of risk all aect the present value of the future
dividends.
Under the market situation of  = 0:35 and  = 0:25, in gures 6.32 and 6.33, for
the in-the-money and deep-in-the-money call options, dierent level of maturity
has almost no impact on the prices; whereas, the in-the-money and deep-in-the-
money put options are impacted. Conversely, when  = 0:65 and  = 0:55, in
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gures 6.40 and 6.41, the maturity time has a signicant impact on the deep-
in-the-money call options and a huge impact to the deep-out-of-the-money put
options. These results are owing to the stochastic character of the model.
6.2.5 Stock Volatility (S)
In this section, we will test the results of the simulations for sensitivity of option
prices to the underlying volatility. The same method is applied for this testing
by using dierent market frictions. We set the parameters at the values as shown
in the table 6.7. By changing the value of the stock volatility at three levels:
S(SV ) = 0:1, S(SV ) = 0:2 and S(SV ) = 0:3, the simulation results are
obtained for the analysis. The simulation results are shown in gures 6.50-6.67.
Table 6.7: Parameter values used in the sensitivity analysis of the model with
respect to the stock volatility
T = 0:1 1 = 0:05 1 = 0:05 1 = 0:45
2 = 0:05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:05 3 = 0:45
1 = 0:10
1 = 0:10
1 = 0:10
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(a)
(b)
Figure 6.50: Sensitivity of call option prices to the stock volatility S for  = 0:35
and  = 0:25. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.51: Sensitivity of put option prices to the stock volatility S for  = 0:35
and  = 0:25. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.52: Sensitivity of call option prices to the stock volatility S for  = 0:35
and  = 0:55. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.53: Sensitivity of put option prices to the stock volatility S for  = 0:35
and  = 0:55. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.54: Sensitivity of call option prices to the stock volatility S for  = 0:35
and  = 0:85. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.55: Sensitivity of put option prices to the stock volatility S for  = 0:35
and  = 0:85. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.56: Sensitivity of call option prices to the stock volatility S for  = 0:65
and  = 0:25. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.57: Sensitivity of put option prices to the stock volatility S for  = 0:65
and  = 0:25. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.58: Sensitivity of call option prices to the stock volatility S for  = 0:65
and  = 0:55. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.59: Sensitivity of put option prices to the stock volatility S for  = 0:65
and  = 0:55. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.60: Sensitivity of call option prices to the stock volatility S for  = 0:65
and  = 0:85. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
146
(a)
(b)
Figure 6.61: Sensitivity of put option prices to the stock volatility S for  = 0:65
and  = 0:85. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.62: Sensitivity of call option prices to the stock volatility S for  = 0:95
and  = 0:25. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.63: Sensitivity of put option prices to the stock volatility S for  = 0:95
and  = 0:25. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.64: Sensitivity of call option prices to the stock volatility S for  = 0:95
and  = 0:55. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(b)
Figure 6.65: Sensitivity of put option prices to the stock volatility S for  = 0:95
and  = 0:55. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.66: Sensitivity of call option prices to the stock volatility S for  = 0:95
and  = 0:85. (a) Call option price, (b) The ratio of call option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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(a)
(b)
Figure 6.67: Sensitivity of put option prices to the stock volatility S for  = 0:95
and  = 0:85. (a) Put option price, (b) The ratio of put option price determined
by the constant Black-Scholes-Merton model over the option price obtained from
our model. In the gure, S = 0:1 (dotted line), S = 0:2 (dash-dotted line),
S = 0:3 (dashed line).
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One of the standing features that we can observe from the results is for the in-
the-money and the deep-in-the-money options: the changing of stock volatility
almost has no impact. This feature is similar to that shown by Lioui's model
results [38]. However due to the strong performance of stochastic property of
our extended model, the option prices can be either overvalued or undervalued
for both call and put options. Obviously, when the options are at-the-money
or out-of-the-money or deep-out-of-the-money, the results show a high impact of
the stock volatility on the option prices, which is similar to that found by Lioui's
model [38]. The dierence of our model is that any level of stock volatility
may create either situation of overpriced and underpriced options, which implies
that our stochastic earning yield option pricing model has a solid character of
stochastic performance.
6.2.6 Dividend Yield Volatility (i)
Because of uncertainty of dividend yield ow of the company, the volatility of the
dividend yield (i) can be expected to play an important role in option pricing.
By applying the same approach as previous sections, we test the sensitivity of
option prices to the dividend yield volatility by changing the value of this param-
eter at three levels: i = 0:05, i = 0:10 and i = 0:20. Again by setting the
parameter i at a value, we mean that we set the same value for i = 1; 2 and
3. For example, i = 0:05 means 1 = 0:05, 2 = 0:05 and 3 = 0:05 for the
simplicity of the test. We set the other parameters for simulation at the values
shown in table 6.8. The simulation results are shown in Figures 6.68 - 6.85.
Table 6.8: Parameter values used in the sensitivity analysis of the model with
respect to the dividend yield volatility
T = 0:1 1 = 0:05 1 = 0:45
S=0.05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:45
1 = 0:10
1 = 0:10
1 = 0:10
154
(a)
(b)
Figure 6.68: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:35 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.69: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:35 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.70: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:35 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.71: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:35 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.72: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:35 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.73: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:35 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.74: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:65 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.75: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:65 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.76: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:65 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.77: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:65 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.78: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:65 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.79: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:65 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.80: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:95 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.81: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:95 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.82: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:95 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.83: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:95 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.84: Sensitivity of call option prices to the dividend yield volatility i
for  = 0:95 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.85: Sensitivity of put option prices to the dividend yield volatility i
for  = 0:95 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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The simulation results have shown that for most of the deep-out-of-the-money
options, the change of dividend yield volatility has a high impact on the option
prices for both call and put options. While in-the-money and deep-in-the-money
options might derive some impacts or some slight impacts when changing the
level of dividend yield volatility.
6.2.7 Earning Yield Volatility (i)
In this thesis, we extend the option pricing model by taking into account the
earning yield parameter. Consequently, earning yield volatility is a parameter
which should be analyzed for the sensitivity for the option prices. The same
approach is applied in this section in order to test the sensitivity of option prices
to the earning yield volatility (i). By setting three levels of the parameter:
i = 0:05, i = 0:10 and i = 0:20, we run the simulation for the sensitivity
test under various dierent circumstances of friction market. As before, for the
i from three dierent sources, we will set the same value for the parameter in
all sources (i = 1; 2 and 3). The other parameters are set at values as shown in
Table 6.9.
Table 6.9: Parameter values used in the sensitivity analysis of the model with
respect to the earning yield volatility
T = 0:1 1 = 0:05 1 = 0:45
S=0.05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:45
1 = 0:10
1 = 0:10
1 = 0:10
The results of simulations under dierent combination of  and  are shown in
gures 6.86-6.103.
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(a)
(b)
Figure 6.86: Sensitivity of call option prices to the earning yield volatility i
for  = 0:35 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.87: Sensitivity of put option prices to the earning yield volatility i
for  = 0:35 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.88: Sensitivity of call option prices to the earning yield volatility i
for  = 0:35 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.89: Sensitivity of put option prices to the earning yield volatility i
for  = 0:35 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.90: Sensitivity of call option prices to the earning yield volatility i
for  = 0:35 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.91: Sensitivity of put option prices to the earning yield volatility i
for  = 0:35 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.92: Sensitivity of call option prices to the earning yield volatility i
for  = 0:65 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.93: Sensitivity of put option prices to the earning yield volatility i
for  = 0:65 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.94: Sensitivity of call option prices to the earning yield volatility i
for  = 0:65 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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Figure 6.95: Sensitivity of put option prices to the earning yield volatility i
for  = 0:65 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.96: Sensitivity of call option prices to the earning yield volatility i
for  = 0:65 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(b)
Figure 6.97: Sensitivity of put option prices to the earning yield volatility i
for  = 0:65 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.98: Sensitivity of call option prices to the earning yield volatility i
for  = 0:95 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.99: Sensitivity of put option prices to the earning yield volatility i
for  = 0:95 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
187
(a)
(b)
Figure 6.100: Sensitivity of call option prices to the earning yield volatility i
for  = 0:95 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.101: Sensitivity of put option prices to the earning yield volatility i
for  = 0:95 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.102: Sensitivity of call option prices to the earning yield volatility i
for  = 0:95 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).
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(a)
(b)
Figure 6.103: Sensitivity of put option prices to the earning yield volatility i
for  = 0:95 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:05 (dotted line), i = 0:10
(dash-dotted line), i = 0:20 (dashed line).)
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Figure 6.86 to 6.103 show the results as we expect. Since the earning yield is
the process under the dividend yield, the results give similar behavior. Obvi-
ously, change of the earning yield volatility has impact on the option prices.
Particularly, change of the earning yield volatility has a signicant impact on the
deep-out-of-the-money options. In some situations, the option price also changes
drastically even when it is situated in the very-deep-out-of-the-money moneyness,
for example when  = 0:95 and  = 0:25 in gure 6.98 and 6.99. Similarly, the
option prices can be either overpriced or underpriced depending on the market
frictions.
6.2.8 Market Price of Risk Volatility (i)
The last parameter for sensitivity analysis is the volatility of market price of risk
i . By applying the same approach, we test the inuence of this parameter under
various dierent circumstances. We vary the market price of risk volatility at
three values: i(MPRV ) = 0:20, i(MPRV ) = 0:50 and i(MPRV ) = 0:90
where i = 1; 2 and 3. The other parameters used for the sensitivity test of market
price of risk volatility are set at the values as shown in the Table 6.10.
Table 6.10: Parameter values used in the sensitivity analysis of the model with
respect to the market price of risk volatility
T = 0:1 1 = 0:05 1 = 0:05 1 = 0:45
S=0.05 2 = 0:05 2 = 0:05 2 = 0:45
3 = 0:05 3 = 0:05 3 = 0:45
Figures 6.104-6.121 show the results of simulation for investigating the sensitiv-
ity of option prices to the market price of risk volatility under various market
situations.
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(a)
(b)
Figure 6.104: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:35 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.105: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:35 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.106: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:35 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.107: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:35 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.108: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:35 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.109: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:35 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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(b)
Figure 6.110: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:65 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.111: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:65 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.112: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:65 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.113: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:65 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.114: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:65 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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(b)
Figure 6.115: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:65 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.116: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:95 and  = 0:25. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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(b)
Figure 6.117: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:95 and  = 0:25. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.118: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:95 and  = 0:55. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.119: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:95 and  = 0:55. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.120: Sensitivity of call option prices to the market price of risk volatility
i for  = 0:95 and  = 0:85. (a) Call option price, (b) The ratio of call option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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Figure 6.121: Sensitivity of put option prices to the market price of risk volatility
i for  = 0:95 and  = 0:85. (a) Put option price, (b) The ratio of put option
price determined by the constant Black-Scholes-Merton model over the option
price obtained from our model. In the gure, i = 0:20 (dotted line), i = 0:50
(dash-dotted line), i = 0:90 (dashed line).
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As we can expect, the results above show that the market price of risk mostly has
a slight impact on the option prices. However in some situations, especially for the
out-of-the-money option and deep-out-of-the-money option, the sensitivity of this
parameter is at a very signicant level, which implies that the change of market
price of risk volatility may make a very signicant impact on the out-of-the-money
option prices. As expected, the option may be overpriced or underpriced owing
to the eect of the other stochastic parameters.
6.3 Model Characteristics
For more than three decades, after Black and Sholes brought the outstanding
option pricing model to the nancial world, many researchers have investigated
and modied the option pricing model with the aim of developing a more accurate
model.
In this thesis, we have taken into account another parameter, the stochastic
earning yields, in the option pricing model in order to price the option more
realistically. In this section, we will investigate the characteristics of our ex-
tended model by comparing it to the other three popular models: the classical
Black-Scholes model, the constant dividend Black-Scholes-Merton model and the
stochastic dividend yield model.
In this work, we simulate and compare the call option prices and put option
prices obtained by dierent models. The parameters required for the models are
set at the values as shown in the Table 6.11. We simulate the models character-
istics under various situations of the market friction by setting dierent friction
Parameter values for  and . The results of simulations are shown in Figures
6.122-6.130.
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Table 6.11: Parameter values used in the simulation of models characteristics
K = 500 (0) = 0:05 (0) = 0:05 1(0) = 0:20
r = 0:05  = 0:05  = 0:05 2(0) = 0:20
T = 0:1 1 = 0:05 1 = 0:05 3(0) = 0:20
S = 0:05 2 = 0:05 2 = 0:05 1 = 0:20
3 = 0:05 3 = 0:05 2 = 0:20
3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:10
2 = 0:10
3 = 0:10
the classical Black-Scholes model, the constant dividend Black-Scholes-Merton
model and the stochastic dividend yield model
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Figure 6.122: Option price comparison for  = 0:35 and  = 0:25. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
213
(a)
(b)
Figure 6.123: Option price comparison for  = 0:35 and  = 0:55. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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Figure 6.124: Option price comparison for  = 0:35 and  = 0:85. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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Figure 6.125: Option price comparison for  = 0:65 and  = 0:25. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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Figure 6.126: Option price comparison for  = 0:65 and  = 0:55. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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Figure 6.127: Option price comparison for  = 0:65 and  = 0:85. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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(a)
(b)
Figure 6.128: Option price comparison for  = 0:95 and  = 0:25. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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(a)
(b)
Figure 6.129: Option price comparison for  = 0:95 and  = 0:55. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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(a)
(b)
Figure 6.130: Option price comparison for  = 0:95 and  = 0:85. (a) Call op-
tion price comparison, (b) Put option price comparison. In the gure, the Black-
Scholoes model (red line), the constant dividend Black-Scholes-Merton model
(green line), the stochastic dividend yield model (yellow line), the stochastic
earning yield model (blue line).
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The simulations have demonstrated the characteristics of our option pricing model
taking account into stochastic dividend yield, stochastic market price of risk and
stochastic earning yield. Our model has the same pattern of the other three
models for both call and put options; however, our model performs a strong
stochastic character. Since the other three simulated models all perform the
option price value at the same range, we can investigate the price characteristic
of our model by comparing it to the other models under dierent situations.
For example, under the market situation of  = 0:35 and  = 0:25, the call
option prices are overvalued while the put option prices are undervalued. On the
contrary, if the situation of the market is altered:  is changed to 0:35 and  is
changed to 0:55, the call option price is undervalued and the put option price is
overvalued. However, for some circumstances such as  = 0:35 and  = 0:85,
our model predicts the option prices at the same range of the other three models.
In summary, the option price may be overpriced or underpriced or valued at the
same price compared to the other models depending on the uncertain situation
of the variety of market frictions in each source.
6.4 Implied Volatility
The implied volatility for a derivative security such as an option is the volatility
of the option price which is implied by the nancial market which can be derived
by the pricing model, for instance, a Black-Scholes model.
In this section, we observe the implied volatility pattern of the option prices of
our model by using the Black-Sholes-Merton model with standard deterministic
dividend yield as the model to derive the implied volatility. We simulate the call
option price by computing option prices in our model in such a dierent maturity
by setting the parameters as shown in the table 6.12. And we mimic our option
prices data as the market data of call option prices. The results are demonstrated
in the following gures. Figure 6.131 exhibits the implied volatilities when T =
0:1 and gure 6.132 exhibits the implied volatilities when T = 0:3.
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Table 6.12: Parameter values used for the simulation of models characteristics
K = 500  = 0:35  = 0:25 1(0) = 0:20
r = 0:05 (0) = 0:05 (0) = 0:05 2(0) = 0:20
S = 0:05  = 0:05  = 0:05 3(0) = 0:20
1 = 0:05 1 = 0:05 1 = 0:20
2 = 0:05 2 = 0:05 2 = 0:20
3 = 0:05 2 = 0:05 3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:10
2 = 0:10
3 = 0:10
Figure 6.131: Implied volatilities pattern for T=0.1
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Figure 6.132: Implied volatilities pattern for T=0.3
The call option prices of our extended model yields implied volatility patterns
similar to the call option prices in the real-world markets. This property is
required as explanation to demonstrate a model as a suitable and applicable
option pricing model. Our model, as an extension of the existing model taking
into account the stochastic dividend yield, stochastic market price of risk and
especially the stochastic earning yield, has given very close properties of the real
world option prices.
6.5 Concluding Remarks
This chapter investigates the performance of our extended option pricing model
taking into account the stochastic dividend yield, stochastic market price of risk
and stochastic earning yield. This work is important as the main question of op-
tion pricing model research is to investigate whether the new model is applicable
or not and whether it can provide the option price that is close to the real world
data or not.
The sensitivity analysis is examined on the parameters in our model. The sen-
sitivity test provides useful information of our model. The friction coecient in
both dividend yield and earning yield has played the most signicant role for the
224
option pricing, since they are the parameters related to the real-world uncertainty
in any economic situation. Under dierent friction of the market, the stock prices
vary and the option prices also vary accordingly. Moreover under certain combi-
nation of frictions from dierent source of the market, reecting dierent situation
in the real world market, the option prices can be impacted dramatically. The
market price of risk friction coecient makes an impact to the option prices at
a low level; however, they still can impact the option price and even with the
outstanding level of sensitivity in some situations. Maturity is the parameter to
pay attention since the results show signicant level of sensitivity. The changing
of stock volatility value almost has no impact to the in-the-money options; nev-
ertheless, still, it makes a vast impact to the out-of-the-money options. Dividend
yield volatility and earning yield volatility play an important role to the option
price since they yield various range of option prices under dierent situation of
market frictions. The volatility of market price of risk shows low sensitivity to
the option prices for some cases, but has high level impacts in some other cir-
cumstances. The results of the model testings have demonstrated the real-world
property of uncertainty. The option may be undervalued and overvalued at any
time and at any situation.
In this chapter, we also explore the characteristic of our option pricing model.
The results also capture the outstanding property of the real-world market namely
the uncertainty of the nancial world. Whereas, the model still accomplishes the
common property of the option price as shown in the implied volatility.
In conclusion, our model has performed a very powerful stochastic properties,
reecting the uncertainty of the real-world market. The option price model taking
into account the stochastic earning yield, stochastic dividend yield and stochastic
market price of risk is a serious candidate to explain the option price in the current
world market.
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Chapter 7
Application of Option Pricing
Model with Stochastic Earning
Yield
7.1 General
In nancial world, stock traders always pay their attention on stock movement.
Some might guess the stock movement by analyzing the company prole and
reading news; some others might apply some mathematical techniques to judge
their disciplined process. The uncertainty of the stock market is the key factor
for some investors to seek for certain security of their investments in order to
accomplish their highest goal.
Option is one of the derivative security which plays an interesting role in the
nancial market. Some traders purchase some options for playing the next move
of their trades to take advantage of the underlying movement.
The traders should understand the factors which aect the option prices. For
decades, it has been taught that the option prices are impacted by six factors:
stock price, dividend yield, time to maturity, volatility, strike price and stock
price. Some mathematical researchers have brought this idea to establish the
option pricing models which apply these parameters to estimate the "fair market
value" of the option. The very well known Black-Scholes option pricing model is
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an obvious example and is widely used by some of the investors. Consequently,
many investors take advantage of the moves of the market by considering the fair
market value.
In our research, we contribute to the development of the new extended option
pricing model by considering the stochastic earning yield parameter. By this,
we obtain the theoretical option pricing formula for determining the fair market
value price by using more realistic data since we input one more parameter to
consider the option price which is "earning yield" or a reciprocal of the "P/E
ratio" as it can be seen in the daily newspaper in a stock data section. In this
section we will perceive the application of our extended model.
7.2 Comparison of Option Pricing Model
In this chapter, we apply the real-world data to observe the consistency of the
option pricing model taking into account stochastic dividend yield, stochastic
market price of risk and stochastic earning yield. There are four models to in-
vestigate: Black-Scholes model, Black-Scholes-Merton model with Constant Div-
idend Yield, Stochastic dividend yield model and Stochastic earning yield model.
To compare the models, we use the sum of squared errors as a measure, that is
the sum of the squared errors between the option prices generated by the option
pricing model and the option prices acquired from the real-world nancial mar-
kets. Theoretically, the smaller the squared error is, the higher consistency the
option pricing model has with the data.
The sum of squared errors (also known as residual sum of squared) is a measure
of the dierence between the real data and the data obtained from the estimation
model. A small value of the sum of squared errors designate a good t of the
model to the real data. The sum of squared errors, to be examined for each
model, is dened by
Errors =
nX
i=1
(yi   F (Ki; t))2 (7.1)
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where yi is the i
th real-market data and F (Ki; t) is the option prices obtained
from the option pricing models for either call or put option. The real-market
data, yi, is the closing price of call or put option which can be obtained from
the market. In this thesis, the data is brought out from the well known source:
http://nance.yahoo.com as of Friday, March 02, 2012. And the model prices, for
call and put option, are given by each corresponding model. The sum of squared
errors among the investigated models are then compared.
Our goal in this section is to compare the option pricing models, the real-market
data required. Since our model is applied to the European option, we choose to
investigate the price from the stock indexes at dierent maturity for each stock
index. We simulate four stock indexes: 1/100 Dow Jones Industrial Average
(^DJX), S&P 500 (^GSPC), Russell 2000 (^RUT) and NASDAQ-100 (^NDX) as
they provide European option prices. We gain some other signicant informa-
tion, such as P/E ratio and dividend yield, from these stock indexes from the
Wall Street journal website: http://online.wsj.com. Moreover, by exploring the
information from the Wall Street source, we can have the mean of the dividend
yield and the mean of the P/E ratio. In conclusion, we can calculate the input
values directly for the parameters of the models, including current stock price
(S(0)), maturity (T ), risk-free interest rate (r), current dividend yield ((0)), av-
erage dividend yield (), current earning yield ((0)) and average earning yield
(). For the other parameters, we apply the bisection method to nd the best un-
known parameters for our option pricing model by minimizing the sum of squared
errors. Since we aim for the smallest value of the sum of squared error as well as
the large number of decimal digits signicantly aects the sum of squared error,
please note that the numerical calculations shown in the table in this chapter are
in the form of a large number of decimal digits.
7.2.1 1/100 Dow Jones Industrial Average (^DJX)
The stock index 1/100 Dow Jones Industrial Average (^DJX) is an index which
shows the average performance of the trade of the 30 major American companies
in the stock market [81]. In order to do the simulation by the models, we rst
nd the S for the least sum of squared errors of the Black-Scholes model for call
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options. Then we use the S for the other models to nd the sum of squared
errors in each model. The parameters used are as shown in the table 7.1. The
data set is acquired on the date of Friday, March 02, 2012 and the options expire
on March 16th, 2012.
Table 7.1: Parameters values used in the simulation of the 1/100 Dow Jones
Industrial Average option prices
S = 129:78  = 0:15  = 0:36 1(0) = 0:20
r = 0:053 (0) = 0:025 (0) = 0:068870 2(0) = 0:20
T = 14=365  = 0:0237  = 0:067159 3(0) = 0:20
S = 0:10 1 = 0:01 1 = 0:05 1 = 0:20
2 = 0:01 2 = 0:05 2 = 0:20
3 = 0:01 2 = 0:05 3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:40
2 = 0:40
3 = 0:40
The simulation results are obtained for all the four call option pricing models,
and are shown in the table 7.2 against the corresponding real-market data of Dow
Jones Industrial Average Option Prices (^DJX).
We plot the graphs of the results of table 7.2 for all the four call option pricing
models as shown in gure 7.1. It is obvious that the call option prices of the
real market is uctuated. The call option prices obtained from the three models,
Black-Scholes model (BSC), Black-Scholes-Merton model with constant dividend
yield (CDC) and stochastic dividend yield (SDC), are all in the same range; while
the option prices obtained from the model with stochastic earning yield (SEC) is
in the middle of the real-market data (^DJX) which shows that our model gives
the best tting.
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Table 7.2: Comparison of real-market call option prices of DJX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K DJX BSC CDC SDC SEC
95 26.54 34.97292712 34.84854022 34.89491572 30.82105882
96 23.45 33.97495792 33.85057102 33.89694652 29.82308962
97 24.61 32.97698874 32.85260184 32.89897734 28.82512044
98 21.3 31.97901956 31.85463266 31.90100816 27.82715126
99 29.15 30.98105036 30.85666346 30.90303896 26.82918206
100 19.67 29.98308118 29.85869428 29.90506978 25.83121288
101 28.3 28.985112 28.8607251 28.9071006 24.8332437
102 18.5 27.9871428 27.8627559 27.9091314 23.8352745
103 26.3 26.9891736 26.8647867 26.9111622 22.8373053
104 18.95 25.9912044 25.8668175 25.913193 21.8393361
105 23.8 24.9932352 24.8688483 24.9152238 20.8413669
106 15.9 23.9952661 23.8708792 23.9172547 19.8433978
107 14.65 22.9972969 22.87291 22.9192855 18.8454286
108 14.9 21.9993277 21.8749408 21.9213163 17.8474594
109 15.75 21.0013585 20.8769716 20.9233471 16.8494902
110 13.5 20.0033893 19.8790024 19.9253779 15.851521
111 11.25 19.0054201 18.8810332 18.9274087 14.8535518
112 11.5 18.0074509 17.883064 17.9294395 13.8555826
113 16.25 17.0094817 16.8850948 16.9314703 12.85761341
114 14.12 16.0115125 15.8871256 15.9335011 11.85964422
115 14.59 15.0135434 14.8891565 14.93553199 10.86167531
116 9.1 14.0155742 13.8911873 13.93756279 9.86E+00
117 13 13.017605 12.89321812 12.93959361 8.87E+00
118 12 12.0196358 11.89524911 11.94162459 7.87E+00
119 10.5 11.02166669 10.89728154 10.94365688 6.87E+00
120 10.19 10.02369854 9.89932412 9.94569853 5.88E+00
121 8.45 9.02573875 8.90142553 8.94779482 4.89E+00
122 7.41 8.02783803 7.90380908 7.95015527 3.92E+00
Continued.
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Table 7.2 (Continued)
K DJX BSC CDC SDC SEC
123 6.5 7.03026856 6.90731812 6.95357776 2.99E+00
124 5.95 6.03418814 5.91457677 5.96056561 2.15E+00
125 4.78 5.04350372 4.93231445 4.97759331 1.43E+00
126 3.8 4.06865307 3.97471326 4.0184257 8.71E-01
127 3.51 3.13160732 3.06617607 3.10696905 4.78E-01
128 2.55 2.26834723 2.24047181 2.27665038 2.35E-01
129 1.68 1.5233354 1.53386966 1.56383998 1.02E-01
130 1.07 0.934599769 0.973636679 0.996471253 3.92E-02
131 0.57 0.51689883 0.56767548 0.58347853 1.32E-02
132 0.28 0.25484119 0.30163467 0.31147705 3.90E-03
133 0.21 0.1110171 0.14515144 0.15063251 1.01E-03
134 0.14 4.25E-02 6.30E-02 6.57E-02 2.27E-04
135 0.05 1.42E-02 2.45E-02 2.57E-02 4.47E-05
Figure 7.1: Comparison of real-market call option prices of DJX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
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In order to compare the model numerically, we compute the sum of squared errors,
as dened by (7.2), for the four dierent models. The results are shown in table
7.3.
Table 7.3: Sums of squared errors of call option prices obtained by four dierent
models for the 1/100 Dow Jones Industrial Average option prices
Model BSC CDC SDC SEC
Sum of Squared Errors 1005.807276 974.1396656 985.7880812 486.3790972
The result in the table shows that our model, the option pricing model taking into
account stochastic dividend yield, stochastic market price of risk and stochastic
earning yield, has the smallest sum of squared errors which is less than half of
the other models. This indicates that our option pricing model is more eective
than the previous option pricing models.
Next, we will explore the put option data by using the same procedure. Table
7.4 shows the simulation results from the four models for the put option prices,
together with the real market data for the index of Dow Jones Industrial Average
(^DJX) as of Friday, March 02, 2012.
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Table 7.4: Comparison of real-market put option prices of DJX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K DJX BSP CDP SDP SEP
95 0.22 0.00E+00 0.00E+00 0.00E+00 0.00E+00
96 1.85 0.00E+00 0.00E+00 0.00E+00 0.00E+00
97 0.27 0.00E+00 0.00E+00 0.00E+00 0.00E+00
98 0.04 0.00E+00 0.00E+00 0.00E+00 0.00E+00
99 0.15 0.00E+00 0.00E+00 0.00E+00 0.00E+00
100 0.33 0.00E+00 0.00E+00 0.00E+00 0.00E+00
101 1.48 0.00E+00 0.00E+00 0.00E+00 0.00E+00
102 1.09 0.00E+00 0.00E+00 0.00E+00 0.00E+00
103 0.05 0.00E+00 0.00E+00 0.00E+00 0.00E+00
104 1.9 0.00E+00 0.00E+00 0.00E+00 0.00E+00
105 0.01 0.00E+00 0.00E+00 0.00E+00 0.00E+00
106 0.12 0.00E+00 0.00E+00 0.00E+00 0.00E+00
107 2.21 0.00E+00 0 0.00E+00 0.00E+00
108 2.91 0.00E+00 0 0.00E+00 0.00E+00
109 0.46 0.00E+00 0 0.00E+00 0.00E+00
110 0.12 0.00E+00 0 0.00E+00 0.00E+00
111 0.3 0.00E+00 0 0.00E+00 0.00E+00
112 0.46 0.00E+00 0 0.00E+00 0.00E+00
113 0.1 0.00E+00 0 0.00E+00 1.00E-08
114 0.11 0.00E+00 0 0.00E+00 2.00E-08
115 0.05 0.00E+00 0 -1.00E-08 2.10E-07
116 0.05 0.00E+00 0 -1.00E-08 2.29E-06
117 0.22 1.00E-08 2.00E-08 1.00E-08 1.94E-05
118 0.5 1.50E-07 2.10E-07 1.90E-07 1.34E-04
119 0.25 1.44E-06 1.84E-06 1.68E-06 7.50E-04
120 0.12 1.09E-05 1.36E-05 1.25E-05 3.46E-03
121 0.12 6.89E-05 8.42E-05 7.80E-05 1.32E-02
122 0.19 3.64E-04 4.37E-04 4.08E-04 4.25E-02
Continued.
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Table 7.4 (Continued)
K DJX BSP CDP SDP SEP
123 0.2 1.62E-03 1.92E-03 1.80E-03 1.16E-01
124 0.2 6.16E-03 7.14E-03 6.76E-03 2.70E-01
125 0.36 2.01E-02 2.28E-02 2.18E-02 5.49E-01
126 0.33 5.64E-02 6.32E-02 6.06E-02 9.87E-01
127 0.47 0.13820666 0.15264987 0.14706735 1.59E+00
128 0.67 0.29835326 0.32491481 0.31471788 2.35E+00
129 0.99 0.57327787 0.61628186 0.59987668 3.21E+00
130 1.35 0.991955209 1.054018079 1.030477153 4.15E+00
131 2.34 1.56502375 1.64602608 1.61545363 5.12E+00
132 3.05 2.28076136 2.37795437 2.34142125 6.11E+00
133 4.95 3.11030108 3.21944034 3.17854591 7.10E+00
134 6.37 4.01844649 4.1352184 4.09156075 8.10E+00
135 17.9 4.97375236 5.09476035 5.04958194 9.10E+00
Figure 7.2: Comparison of real-market put option prices of DJX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
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The simulation results for put options are also shown graphically in gure 7.2.
The results of the sum of squared errors of the put option prices obtained from
the four models are shown in table 7.5.
Table 7.5: Sums of squared errors of put option prices obtained by four dierent
models for the 1/100 Dow Jones Industrial Average option prices
Model BSP CDP SDP SEP
Sum of Squared Errors 203.0267516 198.6196425 200.2528933 144.4874479
Obviously, for put option prices, our model also gives better agreement with the
real-market data.
Furthermore, our extended option pricing model can perform even better results.
For example, if we set S = 0:25 and keep other parameters value unchanged, the
sum of squared errors of call options reduce to 423.7833 which is a better outcome.
However, for put option prices, the sum of squared errors will increase to 184.3575.
This situation can happens since the S that we set at the rst time is not the
accurate stock volatility and not the real implied volatility. Mathematically, we
set the value of S to 0.1 just for the mathematical testing reason. Consequently,
in the real world, by using more realistic parameter values, our model can perform
a better results. From the data, the gures and the numerical results presented,
our extended option pricing model has better performance than previous models.
7.2.2 S&P 500 (^GSPC)
The S&P 500 or Standard and Poor 500 is an index based on 500 large-cap
common stocks in the United States and has been published since 1957. It is
purposed to be a signicant indicator of equities in the United States and may
reect the characteristics of rate of returns for the large cap market; as a result,
the S&P 500 is one of the most generally accepted equity indices after the Dow
Jones Industrial Average.
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We will perform the simulation of our option pricing by setting the parameters
at the values as shown in table 7.6.
Table 7.6: Parameters values used in the simulation of the Standard and Poor
500 option prices
S = 1369:63  = 0:59  = 0:79 1(0) = 0:20
r = 0:053 (0) = 0:02 (0) = 0:062696 2(0) = 0:20
T = 78=365  = 0:0237  = 0:067159 3(0) = 0:20
S = 0:12 1 = 0:01 1 = 0:05 1 = 0:20
2 = 0:01 2 = 0:05 2 = 0:20
3 = 0:01 2 = 0:05 3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:40
2 = 0:40
3 = 0:40
Some of the data in the table 7.6, such as the current index price (S) and the risk
free rate of return (r), are acquired by the real data in the market as of March
2nd, 2012. We simulate the data by testing at the dierent maturity of 78 days,
the real-data of option prices expire on May 19th, 2012, as to perform the middle
range of the maturity. By the same approach, the S is the rst parameter to
determine by nding the least sum of squared errors of the Black-Scholes model.
Table 7.7 shows the results obtained by four dierent models where BSC, CDC,
SDC and SEC are the simulation results of the Black-Scholes model, the Con-
stant dividend Black-Scholes-Merton model, the Stochastic dividend option pric-
ing model and the Stochastic earning yield option pricing model, while SNP is
the real market data of the Standard and Poor 500 call option prices. The gure
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of the simulation results conrms the argument of Rubinstein that the Black-
Scholes model with or without constant dividend yield performs a very good
approximation to the real market data of the S&P 500 index [82].
Table 7.7: Comparison of real-market call option prices of SNP with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K SNP BSC CDC SDC SEC
1050 312 331.4552396 325.6139715 329.4254726 323.180743
1100 275.51 282.0185813 276.1774108 279.9888594 273.7455448
1190 176.25 193.0976898 187.2750823 191.07591 1.85E+02
1275 104.5 111.150351 105.7118323 109.2813388 104.5182688
1300 87.5 88.889206 83.7983023 87.1531897 83.2759706
1305 86 84.6356013 79.6328258 82.9328434 79.2557163
1325 70.95 68.4611122 63.873635 66.9131278 6.41E+01
1330 63.9 64.653466 60.1848026 63.1492369 6.05E+01
1340 57.35 57.3551163 53.1401933 55.9436384 5.38E+01
1345 56 53.8729357 49.7921621 52.5101335 5.05E+01
Continued.
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Table 7.7 (Continued)
K DJX BSC CDC SDC SEC
1350 53.5 50.5071491 46.5647679 49.1943131 4.74E+01
1355 51.6 47.2610269 43.4607641 45.9992475 4.45E+01
1360 44.45 44.1373758 40.4823977 42.9275302 4.16E+01
1365 41 41.1385031 37.63138322 39.9812467 3.88E+01
1370 39.5 38.26619566 34.90888836 37.16195599 3.62E+01
1375 36.6 35.52170365 32.31552526 34.47067767 3.37E+01
1380 35.15 32.90572725 29.85134671 31.90788053 3.13E+01
1385 29.95 30.41841528 27.51585249 29.47348534 2.90E+01
1390 27.6 28.05937082 25.30800309 27.16687275 2.68E+01
1400 22.85 23.72182583 21.2684922 22.9318923 2.29E+01
1420 14.7 16.5115176 14.621026 15.912333 1.62E+01
1425 13.3 14.9970462 13.2375101 14.4416612 1.48E+01
1430 14.6 13.5904939 11.9572275 13.0771205 1.35E+01
1435 10.45 12.2876871 10.7757053 11.8144546 1.23E+01
1440 9.3 11.0842327 9.6883045 10.6492077 1.11E+01
1450 7.25 8.9569907 7.7767601 8.592419 9.14E+00
1460 7 7.1709609 6.1838758 6.8688056 7.44E+00
1470 3.76 5.69E+00 4.8710142 5.4399801 6.00E+00
1475 3.35 5.05E+00 4.3078187 4.8242892 5.38E+00
1480 2.65 4.47E+00 3.8007334 4.2682885 4.81E+00
1490 2.1 3.48E+00 2.9376782 3.3177794 3.82E+00
1500 1.35 2.68E+00 2.2492391 2.5549456 3.01E+00
1520 0.85 1.55E+00 1.2818335 1.47337 1.83E+00
1525 0.67 1.34E+00 1.1072309 1.2765183 1.61E+00
1540 0.5 8.64E-01 0.7037245 0.8187924 1.08E+00
1550 0.35 6.36E-01 0.5142424 0.6020579 8.17E-01
1575 0.48 2.84E-01 0.2255683 0.2683115 3.96E-01
1600 0.2 1.20E-01 9.36E-02 0.1131274 1.84E-01
238
Figure 7.3: Comparison of real-market call option prices of SNP with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
By comparing the real market data of S&P 500 index options (SNP) and the
results from our option pricing model (SEC), we notice that our result is very
close to the real data graph as shown in gure 7.3. We calculate the sum of
squared errors for all the four models in order to compare the eectiveness of the
models in simulating the option prices.
Table 7.8: Sums of squared errors of call option prices obtained by four dierent
models for the Standard and Poor 500 option prices
BSC CDC SDC SEC
Sum of Squared Errors 832.3042676 719.5150377 703.2344074 543.2178641
As shown in Table 7.8, our option pricing model taking into account stochastic
earning yield has performed better for the approximation of option prices, even
though, for the S&P 500 index options, it was argued that the Black-Scholes-
Merton model was the best approximation.
Although study on the call prices has shown the superior performance of our
option pricing model, the put option prices should be examined as well. By
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using the same parameter settings and the same approach, put option prices are
obtained by using dierent models which are shown in table 7.9.
Table 7.9: Comparison of real-market put option prices of SNP with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K SNP BSP CDP SDP SEP
500 0.05 0.00E+00 0.00E+00 0.00E+00 0.00E+00
550 0.15 0.00E+00 0.00E+00 0.00E+00 0.00E+00
600 0.35 0.00E+00 0.00E+00 0.00E+00 0.00E+00
625 0.1 0.00E+00 0.00E+00 0.00E+00 0.00E+00
650 0.35 0.00E+00 0.00E+00 0.00E+00 0.00E+00
675 0.4 0.00E+00 0.00E+00 0.00E+00 0.00E+00
700 0.3 0.00E+00 0.00E+00 0.00E+00 0.00E+00
725 0.4 0.00E+00 0.00E+00 0.00E+00 0.00E+00
730 0.45 0.00E+00 0.00E+00 0.00E+00 0.00E+00
740 0.5 0.00E+00 0.00E+00 0.00E+00 0.00E+00
750 0.4 0.00E+00 0.00E+00 0.00E+00 0.00E+00
775 0.6 0.00E+00 0.00E+00 0.00E+00 0.00E+00
Continued.
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Table 7.9 (Continued)
K SNP BSP CDP SDP SEP
800 0.5 0.00E+00 0 0.00E+00 0.00E+00
825 1.65 0.00E+00 0 0.00E+00 0.00E+00
850 1.5 0.00E+00 0 0.00E+00 0.00E+00
860 1 0.00E+00 0 0.00E+00 0.00E+00
875 2.55 0.00E+00 0 0.00E+00 0.00E+00
900 1.4 0.00E+00 0 0.00E+00 0.00E+00
925 2.15 0.00E+00 0 0.00E+00 0.00E+00
930 1.95 0.00E+00 0 0.00E+00 -1.00E-07
950 1.85 0.00E+00 0 0.00E+00 0.00E+00
975 2 0.00E+00 0 0.00E+00 1.00E-07
990 2.9 0.00E+00 0.00E+00 1.00E-07 3.00E-07
1,000.00 2.9 0.00E+00 0.00E+00 0.00E+00 8.00E-07
1,025.00 2.5 4.00E-07 5.00E-07 5.00E-07 6.80E-06
1,040.00 3 1.40E-06 2.20E-06 1.80E-06 2.35E-05
1,050.00 3.5 3.60E-06 5.50E-06 4.60E-06 5.20E-05
1,070.00 3.66 2.14E-05 3.15E-05 2.63E-05 2.31E-04
1,075.00 3.85 3.28E-05 4.78E-05 3.99E-05 3.29E-04
1,080.00 8 4.97E-05 7.20E-05 6.02E-05 4.66E-04
1,090.00 4.5 1.11E-04 1.59E-04 1.33E-04 9.15E-04
1,100.00 4.6 2.39E-04 3.39E-04 2.85E-04 1.75E-03
1,110.00 6.05 5.01E-04 7.01E-04 5.93E-04 3.25E-03
1,120.00 6 1.02E-03 1.41E-03 1.19E-03 5.90E-03
1,125.00 5 1.43E-03 1.97E-03 1.68E-03 7.87E-03
1,130.00 6.7 2.00E-03 2.74E-03 2.34E-03 1.04E-02
1,140.00 6.75 3.84E-03 5.19E-03 4.44E-03 1.80E-02
1,150.00 6.6 7.14E-03 9.56E-03 8.21E-03 3.04E-02
1,160.00 10.1 1.29E-02 1.71E-02 1.48E-02 5.01E-02
1,170.00 8.52 2.28E-02 2.99E-02 2.59E-02 8.08E-02
Continued.
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Table 7.9 (Continued)
K SNP BSP CDP SDP SEP
1,175.00 8 3.00E-02 3.91E-02 3.40E-02 1.02E-01
1,180.00 8.5 3.92E-02 5.09E-02 4.42E-02 1.28E-01
1,190.00 10.8 6.58E-02 8.44E-02 7.37E-02 1.97E-01
1,200.00 9.75 0.1076277 0.1367979 0.1200084 0.298982
1,210.00 10.7 0.1720886 0.2165906 0.1908185 0.4444844
1,220.00 11.45 0.2689916 0.3353048 0.2966692 0.6485009
1,225.00 11.91 0.3335345 0.4137893 0.3668923 0.7779696
1,230.00 12.65 0.4113395 0.5079228 0.4513185 0.929128
1,240.00 13.05 0.6158127 0.7534039 0.6722999 1.3080232
1,250.00 14.69 0.9032161 1.0950649 0.9813395 1.8104695
1,260.00 16 1.2987768 1.5607777 1.4046092 2.4652463
1,270.00 17.1 1.8322242 2.1829069 1.972752 3.3042824
1,275.00 17.95 2.161136 2.5638873 2.3218918 3.8035988
1,280.00 19 2.5375983 2.9979458 2.7206219 4.3620767
1,290.00 20.8 3.4527382 4.0458117 3.6867018 5.6748919
1,300.00 22 4.618438 5.3688043 4.9121897 7.2797476
1,310.00 23.8 6.0772786 7.0102583 6.4397731 9.2132578
1,315.00 29.3 6.9300736 7.963848 7.3302376 10.3142818
1,320.00 27.2 7.872193 9.012963 8.3121489 11.5103782
1,325.00 29.3 8.9087912 10.162584 9.3905748 12.8054485
1,330.00 29.7 10.044834 11.4174406 10.5703729 14.2031346
1,340.00 32.6 12.6338633 14.2602103 13.2521534 17.3194168
1,345.00 37.5 14.0953717 15.8558681 14.7623375 19.0436982
1,350.00 36.1 15.6732741 17.5721629 16.3902061 20.8819132
1,355.00 37.2 17.3708419 19.4118491 18.1388305 22.8359455
1,360.00 41 19.1908798 21.3771717 20.0108022 24.9072597
1,365.00 43.2 21.1356961 23.46984622 22.0082077 27.09689322
1,370.00 43.4 23.20707866 25.69104136 24.13260699 29.40544718
Continued.
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Table 7.9 (Continued)
K SNP BSP CDP SDP SEP
1,375.00 43.1 25.40627565 28.04136726 26.38501767 31.83308374
1,450.00 114.3 72.9969027 77.6579421 74.662099 81.4550259
1,550.00 251 163.549805 169.2692114 165.5455249 172.0048646
1,600.00 239.5 212.4707273 218.2854323 214.4934884 220.8086605
Figure 7.4 shows the graph of the put option prices as functions of the strike price
for the four models, together with the S&P 500 index option prices. From the
gure, we can see that the dierence among dierent models and the real-market
data are not outstandingly obvious, since the S&P 500 index option prices are
well known to be approximated by the Black-Scholes model. We make a further
investigation by computing the sum of squared errors shown in the table 7.10.
The numerical results also obviously indicate that our extended option pricing
model is the best model compared among the same type of mathematical models.
Figure 7.4: Comparison of real-market put option prices of SNP with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
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Table 7.10: Sums of squared errors of put option prices obtained by four dierent
models for the Standard and Poor 500 option prices
Model BSP CDP SDP SEP
Sum of Squared Errors 18910.14272 16307.61648 17937.6114 13820.58512
Consequently, in the next section we will investigate more by applying the other
European option data.
7.2.3 Russell 2000 (^RUT)
The Russell 2000 is used as a benchmark for small cap stocks, including approx-
imately 2000 smallest companies, in the United States. The Russell 2000 index
option is an European option. We will perform the same investigation of the
option prices through simulation using dierent option pricing models. We set
the initial time on 2nd March of 2012 and select a long range of maturity with the
expiration date on December 21st, 2012. Table 7.11 gives the parameters setting
used for the simulation.
Again, some of the data above are from the real-world data which can be acquired
from the professional source such as the wall street and yahoo nance website.
With the same steps of investigation, we derive the model results as given in table
7.12.
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Table 7.11: Parameters values used in the simulation of the Russell 2000 option
prices
S = 802:42  = 0:70  = 0:45 1(0) = 0:20
r = 0:053 (0) = 0:0142 (0) = 0:023496 2(0) = 0:20
T = 285=365  = 0:0129  = 0:015029 3(0) = 0:20
S = 0:21 1 = 0:01 1 = 0:05 1 = 0:20
2 = 0:01 2 = 0:05 2 = 0:20
3 = 0:01 2 = 0:05 3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:40
2 = 0:40
3 = 0:40
Table 7.12: Comparison of real-market call option prices of RUT with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K RUT BSC CDC SDC SEC
200 471.6 610.5277906 601.679963 607.795101 537.3088868
210 501.1 600.9331802 592.0853526 598.2004906 527.7142765
220 438.6 591.3385696 582.490742 588.60588 518.1196661
230 487.4 581.7439592 572.8961316 579.0112696 508.5250563
240 493.3 572.1493488 563.3015212 569.4166592 498.9304477
250 436.5 562.5547384 553.7069108 559.8220488 489.3358419
260 441.9 552.9601278 544.1123002 550.2274382 479.7412424
270 432.6 543.3655173 534.5176896 540.6328276 470.1466571
280 455.3 533.7709069 524.9230792 531.0382172 460.552101
Continued.
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Table 7.12 (Continued)
K RUT BSC CDC SDC SEC
290 443.4 524.1762965 515.328469 521.4436069 450.9576017
300 424.3 514.5816863 505.7338588 511.8489967 441.3632077
330 398.9 485.797859 476.9500332 483.0651701 412.5817565
350 370 466.6086589 457.76084 463.8759724 393.3980205
400 344 418.6364011 409.788813 415.903796 345.4940093
450 330.7 370.6744207 361.8295486 367.9427563 297.8735597
500 317.9 322.7853149 313.9577817 320.0595578 251.111987
525 295.4 298.9319186 290.1288519 296.2144106 228.3579959
550 234.9 275.2136088 266.4555011 272.5111435 206.2341546
575 187.7 251.7227838 243.0403171 249.0454395 184.9159119
600 236.3 228.5854436 220.0206804 225.9469091 164.5771767
625 210.49 205.9595256 197.565637 203.3769396 145.3777397
650 189.14 184.0279177 175.8671962 181.5211578 1.27E+02
675 169.75 162.9867663 155.1270496 160.5772458 1.11E+02
700 151.27 143.0307977 135.5407786 140.7399374 9.58E+01
725 132.52 124.3379583 117.2820803 122.1855644 8.21E+01
740 130.38 113.7915048 107.0234656 111.7304645 7.47E+01
750 123.4 107.0557083 100.4893962 105.0584968 7.00E+01
760 98.14 100.563213 94.2054717 98.6318359 6.55E+01
770 91.87 94.3188072 88.17553068 92.45496252 6.12E+01
775 86.53 91.29079834 85.25665442 89.46125703 5.92E+01
780 84.7 88.32604989 82.40213545 86.53111553 5.72E+01
790 78.95 82.58726643 76.88658393 80.86229262 5.34E+01
800 73.35 77.10356164 71.62893854 75.44926865 4.97E+01
810 67.91 71.87484989 66.62807131 70.29163064 4.63E+01
820 62.53 66.89990054 61.88172355 65.38782692 4.31E+01
825 59.68 64.50690315 59.60299669 63.03033189 4.15E+01
830 58.06 62.17639583 57.38657679 60.73522976 4.00E+01
Continued.
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Table 7.12 (Continued)
K RUT BSC CDC SDC SEC
840 53.75 57.70099989 53.1383335 56.33020724 3.72E+01
850 49 53.46943706 49.13180552 52.16820493 3.45E+01
875 44.8 4.39E+01 4.01E+01 4.28E+01 2.85E+01
900 36 3.58E+01 3.25E+01 3.48E+01 2.34E+01
950 20.5 2.31E+01 20.7727754 22.4338151 1.56E+01
1,000.00 11.1 1.45E+01 12.8751593 14.0265458 1.02E+01
Figure 7.5: Comparison of real-market call option prices of RUT with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
The results in table 7.12 are also shown graphically by gure 7.5. The results
have shown that our model yields results closest to the real-market data; while
results of the other three models are in the same range of prices but situate out
of range to the real market data mostly overpriced. Numerically, in table 7.13,
we use the sum of squared errors to verify the eectiveness of our option pricing
model in comparison to the other three models. Obviously, as shown in table
7.13, our model has the best performance in terms of the least squared errors.
We also simulate the put option prices by the four models for the Russell 2000 by
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applying the same approach in order to compare the eectiveness of the models,
and the results are shown in table 7.14.
Table 7.13: Sums of squared errors of call option prices obtained by four dierent
models for the Russell 2000 option prices
BSC CDC SDC SEC
Sum of Squared Errors 159888.5865 134986.2355 151697.9344 64821.92933
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Table 7.14: Comparison of real-market put option prices of RUT with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K RUT BSP CDP SDP SEP
200 1.25 0.00E+00 0.00E+00 0.00E+00 0.00E+00
210 1.05 0.00E+00 0.00E+00 0.00E+00 0.00E+00
220 1 0.00E+00 0.00E+00 0.00E+00 0.00E+00
230 1.15 0.00E+00 0.00E+00 0.00E+00 0.00E+00
240 1.1 0.00E+00 0.00E+00 0.00E+00 2.00E-07
250 1.2 0.00E+00 0.00E+00 0.00E+00 6.00E-07
260 1 0.00E+00 0.00E+00 0.00E+00 1.80E-06
270 1 1.00E-07 0.00E+00 0.00E+00 4.70E-06
280 1.3 1.00E-07 0.00E+00 0.00E+00 1.17E-05
290 1.2 1.00E-07 2.00E-07 1.00E-07 2.79E-05
300 1.8 3.00E-07 4.00E-07 3.00E-07 6.29E-05
310 5 7.00E-07 9.00E-07 8.00E-07 1.35E-04
320 2.05 1.80E-06 2.50E-06 2.10E-06 2.77E-04
330 4.8 4.60E-06 6.40E-06 5.30E-06 5.45E-04
340 4 1.11E-05 1.51E-05 1.26E-05 1.03E-03
350 3.18 2.53E-05 3.40E-05 2.84E-05 1.88E-03
360 5 5.48E-05 7.31E-05 6.14E-05 3.33E-03
380 4.06 2.28E-04 2.99E-04 2.53E-04 9.49E-03
390 4.5 4.40E-04 5.73E-04 4.87E-04 1.54E-02
400 4.3 8.20E-04 1.06E-03 9.04E-04 2.43E-02
430 21 4.42E-03 5.60E-03 4.83E-03 8.37E-02
440 13 7.34E-03 9.23E-03 8.00E-03 1.21E-01
450 9.51 1.19E-02 1.48E-02 1.29E-02 1.73E-01
460 9.7 1.88E-02 2.33E-02 2.04E-02 2.42E-01
470 10.5 2.91E-02 3.59E-02 3.15E-02 3.34E-01
480 36.5 4.42E-02 5.41E-02 4.76E-02 4.53E-01
490 10.8 6.57E-02 8.00E-02 7.06E-02 6.06E-01
500 11.7 9.58E-02 1.16E-01 1.03E-01 8.00E-01
Continued.
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Table 7.14 (Continued)
K RUT BSP CDP SDP SEP
525 16.3 2.29E-01 2.74E-01 2.44E-01 1.52E+00
550 16.79 4.97E-01 5.87E-01 5.27E-01 2.68E+00
575 23.9 9.93E-01 1.16E+00 1.05E+00 4.46E+00
600 23 1.84E+00 2.13E+00 1.94E+00 7.04E+00
625 26.8 3.20268 3.656619 3.3527836 1.06E+01
650 33.5 5.2575981 5.9447042 5.4835278 1.53E+01
660 36.9 6.3177893 7.1169957 6.5800083 1.75E+01
675 40.6 8.2029731 9.191084 8.5261422 2.13E+01
690 44.74 10.4791487 11.6809932 10.8710111 2.55E+01
700 47 12.2335305 13.591339 12.6753598 2.87E+01
710 50.4 14.1903596 15.7144975 14.6853417 3.20E+01
720 48.23 16.3598175 18.0601539 16.9109648 3.56E+01
725 54.58 17.5272173 19.3191669 18.107513 3.75E+01
730 52.8 18.7511728 20.6369651 19.3612893 3.95E+01
740 58.4 21.3726796 23.452468 22.0443289 43.56440227
750 63.1 24.2314935 26.513009 24.9669716 47.89158687
760 64.39 27.3336086 29.8236949 28.1349211 52.4582257
770 67.96 30.6838132 33.3883643 31.5526581 57.26206491
775 71.88 32.4531095 35.2667932 33.3562578 59.75199723
780 75.76 34.2856665 37.20957965 35.2234217 62.30000498
790 80.09 38.14149363 41.28863873 39.14920942 67.56816778
800 84.56 42.25239924 45.62560374 43.33079584 73.06196774
810 89.09 46.61829789 50.21934691 47.76776824 78.776186
820 93.81 51.23795894 55.06760955 52.45857492 84.70504548
825 94.49 53.64226675 57.58618789 54.89838509 87.74802621
830 98.88 56.10906463 60.16707319 57.40058816 90.84228632
840 102.57 61.22827929 65.5134405 62.59017624 97.18124077
850 107.78 66.59132706 71.10152312 68.02278453 103.7149052
Continued.
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Table 7.14 (Continued)
K RUT BSP CDP SDP SEP
875 109.1 81.03018233 86.08824932 82.63033661 120.8527433
900 123.2 96.85962365 102.4356645 98.6183978 139.0437667
950 166.1 132.1978021 138.6885976 134.2344993 178.1081548
1,000.00 206.6 171.5444469 178.7640337 173.8002822 219.9983243
Figure 7.6: Comparison of real-market put option prices of RUT with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
As we can see from the gure 7.6, the three existing models, the Black-Scholes
model, the Black-Scholes-Merton model with constant dividend and the stochastic
dividend yield option pricing model, always yield underpriced option values; while
our model yields underpriced option value for some strike values but overpriced
option value for some other strike values. By this property, our model performs
a better characteristic of fair value for option pricing model.
In table 7.15, we give the sum of squared errors for all the four models. The
results show the superior performance of our option pricing model taking into
account the stochastic earning yield.
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Table 7.15: Sums of squared errors of put option prices obtained by four dierent
models for the Russell 2000 option prices
Model BSP CDP SDP SEP
Sum of Squared Errors 41582.13346 35771.67166 39656.74274 9026.468501
7.2.4 NASDAQ-100 (^NDX)
In this section we will examine our model using the European option of NASDAQ-
100. The NASDAQ-100 is an index of stock market of the top 100 largest non-
nancial rms on the list of NASDAQ. This index is computed by a modied
capitalization-weighted method. The weight of each company is based on the
market capitalization of the company. This index does not include nancial
companies, and does contain some companies incorporated outside the United
States. Because of these factors, NASDAQ-100 is dierent from the Dow Jones
Industrial Average and the S&P 500 Index which we already explore in previous
sections.
We perform the empirical test by utilizing the same approach as previous sections.
In this test, we select a very long maturity time. The option price data is acquired
on March 2nd, 2012 and will be expired at the close of Friday, December 20th,
2013. The parameter values used in the test are shown in table 7.16.
As before, the parameter S is determined rst to yield the least sum of squared
errors for the Black-Scholes model. The same approach is then used to simulate
the option prices by using dierent models. The results are shown in table 7.17.
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Table 7.16: Parameters values used in the simulation of the NASDAQ-100 option
prices
S = 2641:58  = 0:22  = 0:40 1(0) = 0:20
r = 0:053 (0) = 0:0093 (0) = 0:084459 2(0) = 0:20
T = 658=365  = 0:0079  = 0:074794 3(0) = 0:20
S = 0:07 1 = 0:01 1 = 0:05 1 = 0:20
2 = 0:01 2 = 0:05 2 = 0:20
3 = 0:01 2 = 0:05 3 = 0:20
1 = 0:45
2 = 0:45
3 = 0:45
1 = 0:40
2 = 0:40
3 = 0:40
Table 7.17: Comparison of real-market call option prices of NDX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K NDX BSC CDC SDC SEC
1,500.00 1,072.20 1278.264088 1234.345916 1382.239952 853.1077106
1,600.00 799.7 1187.376361 1143.458189 1291.352226 771.2096668
1,700.00 725.3 1096.488632 1052.570461 1200.464509 692.9262461
1,800.00 654 1005.600913 961.6827501 1109.576922 618.8516311
1,850.00 478.3 960.1570712 916.2389418 1064.133393 583.5486864
1,900.00 450 914.7133029 870.7952987 1018.690476 549.4688991
1,950.00 422.5 869.269788 825.3522063 973.2490979 516.6513988
2,000.00 395.7 823.8270789 779.9107743 927.8112891 485.1262486
2,100.00 459 732.9522959 689.0483192 836.9668866 426.0284974
2,150.00 382.5 687.5323029 643.6486217 791.5826141 398.4721388
2,200.00 342.26 642.1439787 598.3034094 746.2526072 372.2415166
Continued.
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Table 7.17 (Continued)
K NDX BSC CDC SDC SEC
2,250.00 242.08 596.820169 553.064525 701.015431 347.3254528
2,300.00 339.85 551.618577 508.018769 655.929248 323.7061771
2,350.00 300 506.633228 463.300937 611.077288 301.3600329
2,400.00 250.4 462.006647 419.105659 566.572794 280.258199
2,450.00 194.7 417.940309 375.6947636 522.562517 260.367415
2,500.00 282.15 374.70023 333.396752 479.227848 241.6506891
2,550.00 328.1 332.6147451 292.5959131 436.7827887 224.0679765
2,600.00 295.1 292.0625303 253.7105845 395.4684089 207.5768291
2,700.00 270 217.1851213 183.3405876 317.2742208 177.6909544
2,800.00 195.7 153.1091059 125.0668999 246.7088542 151.6269251
2,900.00 95.4 101.8458325 80.2089734 185.494452 1.29E+02
3,000.00 126.5 63.7382556 48.257788 134.6417138 1.09E+02
Figure 7.7: Comparison of real-market call option prices of NDX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
As shown by gure 7.7, the classic Black-Scholes model overprices the option val-
ues. The constant dividend yield Black-Scholes-Merton model and the stochastic
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dividend yield option pricing model also yield results far beyond the actual op-
tion prices. On the contrary, our model taking into account stochastic earing
yield gives option prices very close to the actual prices with both underpriced
and overpriced call option values as shown in gure 7.7.
Table 7.18: Sums of squared errors of call option prices obtained by four dierent
models for the NASDAQ-100 option prices
BSC CDC SDC SEC
Sum of Squared Errors 1868401.821 1449013.061 3186173.982 139719.318
The results of the sum of squared errors for dierent models as shown in table
7.18 also conrm the superior performance of our extended model over the other
models. The sum of squared error of our call option pricing model is much less
than those by the other pricing models.
The put option prices of NASDAQ-100 are also compared to the simulated prices
obtained by dierent option pricing models. The simulation results are shown in
tables 7.19 and gure 7.8.
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Table 7.19: Comparison of real-market put option prices of NDX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
K NDX BSP CDP SDP SEP
1,000.00 15.8 0.00E+00 0.00E+00 0.00E+00 2.69E-01
1,250.00 30.9 0.00E+00 0.00E+00 0.00E+00 2.81E+00
1,500.00 63.7 0.00E+00 0.00E+00 0.00E+00 1.39E+01
1,600.00 79.8 0.00E+00 0.00E+00 1.00E-06 2.29E+01
1,700.00 119.1 0.00E+00 1.00E-06 1.20E-05 3.55E+01
1,800.00 110 7.00E-06 1.60E-05 1.52E-04 5.23E+01
1,850.00 113.9 2.90E-05 7.20E-05 4.87E-04 6.24E+01
1,900.00 195.9 1.25E-04 2.93E-04 1.43E-03 7.38E+01
1,950.00 202.2 4.73E-04 1.06E-03 3.92E-03 8.64E+01
2,000.00 155.8 1.63E-03 3.50E-03 9.97E-03 1.00E+02
2,050.00 168.4 5.09E-03 1.05E-02 2.38E-02 1.16E+02
2,100.00 175 1.46E-02 2.88E-02 5.33E-02 1.32E+02
2,150.00 190.4 3.84E-02 7.29E-02 1.13E-01 1.50E+02
2,200.00 228 9.40E-02 0.171585 2.27E-01 1.69E+02
2,250.00 219.2 2.14E-01 0.376565 4.33E-01 1.90E+02
2,300.00 333.4 4.56E-01 0.774673 7.91E-01 2.12E+02
2,350.00 240 9.15E-01 1.500705 1.38E+00 2.35E+02
2,400.00 280.2 1.73E+00 2.749291 2.32E+00 2.59E+02
2,450.00 296.19 3.11E+00 4.78226 3.76E+00 2.85E+02
2,500.00 315.93 5.31E+00 7.92811 5.87E+00 3.11E+02
2,550.00 319.1 8.67E+00 12.571135 8.86E+00 3.39E+02
2,600.00 527.5 1.36E+01 19.12967 1.30E+01 3.68E+02
2,700.00 690 2.96E+01 3.96E+01 2.57E+01 4.29E+02
2,800.00 445.6 5.64E+01 7.23E+01 4.60E+01 4.94E+02
2,900.00 806.1 9.60E+01 1.18E+02 7.57E+01 5.62E+02
3,000.00 864.34 1.49E+02 1.77E+02 1.16E+02 6.34E+02
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From the table 7.19 and gure 7.8, it is clear that the Black-Scholes model, the
constant dividend yield Black-Scholes-Merton model and the stochastic dividend
yield model give option prices in the same range, but the results are all out of
the range of the actual market option prices; this situation causes the under-
priced option values. Whereas, as shown in gure 7.8, our option pricing model
taking into account stochastic earning yield gives fair prices of options with the
smallest sum of squared errors compared to the other models and provides both
underpriced and overpriced options for the investors to consider at each point of
time.
Figure 7.8: Comparison of real-market put option prices of NDX with simulation
results obtained from four dierent models: BSC, CDC, SDC and SEC.
Table 7.20: Sums of squared errors of put option prices obtained by four dierent
models for the NASDAQ-100 option prices
Model BSP CDP SDP SEP
Sum of Squared Errors 2741856.177 2633634.338 2831656.858 286117.471
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7.3 An Application of Option Pricing Model
Currently, there are many option valuation models available. Some of the models
are widely used. For example, in the Australian market, the Black-Scholes model
and the binomial model are the main models for the investors to determine the
fair price of the options.
In this section, we will show an application of our option pricing model by com-
paring the model results with the real-market data. We select the stock market
index: Dow Jones Industrial Average, to examine the trading by using our option
pricing model.
As of Friday, March 02, 2012, we presume that we decide to take a long position
of an option. The rst step is to examine the trend of Dow Jones Industrial
Average index, acquired from http://www.google.com/nance. By checking the
14 days historical data of the Dow Jones Industrial Average index, we derive the
data as shown in table 7.21.
Table 7.21: Historical data of Dow Jones Industrial Average index from Feb 16,
2012 to Mar 1, 2012
Date Open High Low Close Volume
Mar 1, 2012 12,952.29 13,032.67 12,943.06 12,980.30 139,674,364
Feb 29, 2012 13,005.42 13,055.75 12,929.66 12,952.07 182,456,880
Feb 28, 2012 12,976.74 13,021.51 12,952.82 13,005.12 114,493,947
Feb 27, 2012 12,981.13 13,027.52 12,882.59 12,981.51 143,531,006
Feb 24, 2012 12,981.20 13,013.82 12,950.59 12,982.95 89,441,680
Feb 23, 2012 12,937.08 12,996.08 12,882.67 12,984.69 120,481,608
Feb 22, 2012 12,966.22 12,977.91 12,914.83 12,938.67 124,201,906
Feb 21, 2012 12,949.34 13,005.04 12,926.11 12,965.69 164,782,123
Feb 17, 2012 12,903.33 12,967.92 12,903.25 12,949.87 234,650,437
Feb 16, 2012 12,779.81 12,914.00 12,779.58 12,904.08 134,453,922
Feb 15, 2012 12,864.65 12,899.47 12,753.62 12,780.95 127,559,614
258
Also we can get the chart of historical data from http://www.google.com/nance
as shown in gure 7.9. The trader might consider that the trend of the data is
going up; and as a result, call options should be a choice for the investors.
Figure 7.9: Historical Chart of ^DJX from Feb 16, 2012 to Mar 1, 2012
By implementing our call option pricing model taking into account stochastic
earning yield, the model results are shown together with real-market data of
option prices in gure 7.10.
Figure 7.10: Comparison of option values between the real data ^DJX and the
data obtained by the option pricing model with stochastic earning yield
The graphs in gure 7.10 indicate that the market call option values are under-
priced. Thus, the graph suggests the investors to purchase the call options at the
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strike prices shown in the gold dots. With trend consideration of the Dow Jones
Industrial Average index, for example, consider the case that the traders decide
to take a long position of the call option with the strike price of 100, which will
expire at the close of Friday, March 16, 2012, assuming to be able to purchase at
the date of Mar 2, 2012. From table 7.21, the traders must purchase the options
with the contract multiplier, in this case the contract multiplier is $100; therefore,
the total payment for these options is $1967 (assuming no transaction costs and
fees).
Table 7.22: Dow Jones Industrial Average index price at Friday Mar 16, 2012
Date Open High Low Close Volume
Mar 16, 2012 13,253.51 13,289.08 13,231.45 13,232.62 392,622,440
On Friday, March 16, 2012, from the table 7.22, the price of 1/100 Dow Jones
Industrial Average (^DJX) is $132.33. By exercising the call option, the traders
will receive a cash settlement amount of

(132:33   100)  $100)   ($1967),
which is the prot of $1266, assuming no transaction costs and taxes for the easy
understanding.
In summary, the application shown above is one of the examples to show the
application of the option pricing models to nd the fair price and to make a
judgement about the market value of the option. Nevertheless, there are still
other pricing factors in the nancial markets which aect the stock prices and
option prices. Moreover, dierent expectations of parameters in the option pricing
models will alter the result of fair value of the options. This implies that there
may be various aspects held simultaneously on the option fair price at any one
time.
7.4 Concluding Remarks
In this chapter, the application of the proposed model, the option pricing model
taking into account stochastic dividend yield, stochastic market price of risk and
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stochastic earning yield, is investigated by comparing the model results with
market option prices. Four stock index options are used for the investigation,
including the 1/100 Dow Jones Industrial Average (^DJX), S&P 500 (^GSPC),
Russell 2000 (^RUT) and NASDAQ-100 (^NDX). We compute the option prices
using four dierent option pricing models, including the Black-Scholes model,
the constant dividend yield Black-Scholes-Merton model, the stochastic dividend
yield model and our stochastic earning yield model. Dierent times to maturity
are used including short maturity, middle maturity, long maturity and very-long
maturity. In order to be fair for every model, we rst nd the volatility of the
stock S which aects the sum of squared errors. Some of the parameters are
acquired by the actual data in the professional sources such as Wall Street, Yahoo
Finance and Google Finance; while the rest are determined by the appropriate
assumptions. With the empirical approach, the option prices obtained by four
dierent option pricing models are compared to the real-market data in both
cases of call and put options. The results have shown that, by providing the right
situation of the market stock with the right  and , our option pricing model
yields the option prices closest to the actual data with the least sum of squared
errors.
Consequently, our proposed option pricing model, the option pricing model tak-
ing into account stochastic dividend yield, stochastic market price of risk and
stochastic earning yield, is a very outstanding candidate to enhance the perfor-
mance of fair price judgement for the investors.
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Chapter 8
Conclusions and Future Work
For more than three decades, an option is a derivative nancial instrument which
plays an important role in nancial world. Since the classic Black-Scholes model
was introduced in 1973, it has been well known that fair option prices can be
calculated by a proper option pricing model and there are six major factors that
inuence the option price. The six factors are stock price (S), strike price (K),
time to maturity (T ), interest rate (r), volatility () and dividend yield ().
In this thesis, we propose to include the P/E ratio as another factor to compute
the option price. The idea of this is lightened from daily nancial newspapers
which always report the stock information of both dividend yield and P/E ratio.
In reality, both dividend yield and P/E ratio have the immense inuence to the
underlying stock price and the future stock value or, in the other words, fair stock
price can be determined by these parameters. As a matter of fact, the option
price depends on the value of the stock price; consequently, both dividend yield
and P/E ratio can aect the option price.
Dividend yield has been introduced by Merton as a parameter for option pricing
model [4] and many researchers paid their attention on stochastic dividend yield
for establishing more realistic option pricing model [9] or even with the reckoning
of the stochastic market price of risk [38, 39]. Nevertheless, the P/E ratio is
reasonably a signicant parameter for option pricing models; as a result, we
propose the extended model with consideration of the information of the P/E
ratio.
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In order to accomplish the new idea of taking the P/E ratio into account, we
propose a new concept of stochastic process, namely the generalization of the
Ornstein-Uhlenbeck process, and we name this process as GOU process. With
the GOU process, we can consider the new parameter, the P/E ratio, in the option
pricing model. Because of mathematical reason, we instead apply the reciprocal
of P/E ratio, well known as earning yield. More realistic pricing model requires
more realistic properties of the nancial market. We follow Lioui's approach as
the guiding path to construct the stochastic pricing model [38, 39]. Hence, the
pricing model for the European call and put options taking into account stochastic
dividend yield, stochastic market price of risk and stochastic earning yield are
proposed in this thesis with the detailed proofs including the propositions for
Greek's parameters. The proofs of these propositions in this thesis present the
property of the strong stochastic behavior of the model which is very close to the
real nature of the nancial market.
To verify our extended option pricing model, we perform sensitivity analysis of
the parameters in our model. It has been shown that not only the common
parameters for pricing model, such as the volatility of the underlying stock (S)
and time to maturity (T ), aect the model, but also the friction coecient 
and  make an enormous eect to our option pricing model. In other words, the
friction coecients can be referred to the circumstance of the market at each point
of time. The market price of risk parameters have the slightest impact on the
option price; however, still can change the option prices. Subsequently, we observe
the model characteristics by assuming the value of parameters. Noticeably, our
option pricing model has the same basic trait and trend as the other well-known
models but with the outstanding feature of stochastic property. The option prices
of our model are extremely varied based on the parameters setting.
We examine our model by comparing the model results with the real world market
data. Four stock indices, 1/100 Dow Jones Industrial Average (^DJX), S&P 500
(^GSPC), Russell 2000 (^RUT) and NASDAQ-100 (^NDX), have been chosen
for the investigation because of their European option attribute. The simulation
results show good agreement between our model results and the real-market data
for both call and put options with the least sum of squared errors. In other words,
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our extended option pricing model provides fair option prices closest to the real
market data in comparison with the other three existing models.
In summary, our mathematical option pricing model taking into account stochas-
tic earning yield, stochastic market price of risk and stochastic earning yield is the
seriously outstanding candidate for describing the real-world nancial market.
For the future work, the parameter should be analyzed for some stock market
indices. GOU processes may be proved for some theorems. Moreover, GOU
process may be applied to the other research elds and tested for the possibility
of other applications.
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